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Abstract 
 
The multiobjective robust collaborative optimization framework consists of optimization both at the system and autonomous subsys-

tem levels. Linear physical programming is used in the system level optimization, which avoids the difficulty in choosing the 
multidimensional Pareto set. The non-dominated sorting genetic algorithm (NSGA-II) is used in the subsystem optimization with physi-
cal objectives. The interdisciplinary incompatibility function and physical objectives have different priority levels. At the first priority 
level, the best individual should be in the feasible region of the subsystem. At the second priority level, the interdisciplinary incompatibil-
ity function of the best individual should be no more than the feasibility threshold. The physical objectives are improved after the 
achievement of the above levels. A method for producing initial population with feasibility and diversity is proposed to improve the cal-
culation efficiency and accuracy of the subsystem optimization at the first priority level. A method for setting dynamic feasibility thresh-
old is proposed for the non-dominated sorting to help the physical objectives to obtain better solutions at the second priority level. Finally, 
the results of the speed reducer show that the presented method is efficient.  
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1. Introduction 

Multidisciplinary design optimization (MDO) is a concur-
rent engineering design tool for large-scale, complex system 
design that has recently attracted a great deal of attention. 
Collaborative optimization (CO) is an approach to MDO 
problems. The key concept in the CO approach is the decom-
position of the design problem into two levels, the system 
level and the subsystem level. The system level optimizer is 
used to minimize the system level objective while satisfying 
consistency requirements among the disciplines by enforcing 
equality constraints at the system level that coordinate the 
interdisciplinary couplings [1]. However, there often exist 
uncontrollable uncertainties in parameters of an MDO prob-
lem [2]. Uncertainties may exist not only in each discipline 
but also in the couplings among disciplines and hence meth-
ods for handling uncertainties within and across disciplines 
have become quite important [3]. For probabilistic based ap-
proach, Du et al. [4] developed the system uncertainty analysis 
(SUA) and concurrent subsystem uncertainty analysis 

(CSSUA) methods. For interval analysis based approach, Gu 
et al. [5, 6] developed the implicit uncertainty propagation 
(IUP) method. In the robust MDO formation developed by Li 
et al. [3], the upper and lower bounds of interdisciplinary cou-
pling variable variations were set by a decision maker (DM). 
Wang et al. [7] developed the generalized dynamic constraint 
network to analysis and manage uncertainties. The methods 
developed by Du and Gu have obtained the most attention. 

More importantly, due to the multiobjective nature of some 
MDO problems, recent work has focused on formulating the 
MDO problem to resolve tradeoff between multiple, conflict-
ing objectives. Tappeta et al. [8] used the weighted-sum 
method to resolve the multiobjective collaborative optimiza-
tion (MOCO) problem. McAllister et al. [9-11] applied the 
goal programming and linear physical programming (LPP) 
approaches to resolve the MOCO problem. Huang et al. [12] 
used the fuzzy satisfaction degree and fuzzy sufficiency de-
gree methods to handle the MOCO problem. Vikrant et al. 
[13] and Sebastien et al. [14] used the multiobjective evolu-
tionary algorithm (MOEA) method at both the system and 
subsystem levels to handle the MOCO problem. In most pre-
vious studies on MOCO problems, the subsystem objective 
only aims at minimizing the interdisciplinary incompatibility 
function, and is not related to the physical problem [13]. How-
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ever, the study on MOCO problems with physical objectives 
in subsystems is important because it accounts for the case 
when one or more objectives are important and considered at a 
subsystem but not at the system level [3, 10]. 

Our work focuses on the multiobjective robust collaborative 
optimization (MORCO), which has multiple objectives both at 
the system and subsystem levels. To avoid the difficulty in 
choosing the multidimensional Pareto set, the LPP method is 
used in the system level optimization instead of the MOEA 
method. The NSGA-II method is used in the subsystem opti-
mization with physical objectives. However, the interdiscipli-
nary incompatibility function and physical objectives have 
different priority levels. To improve the calculation efficiency 
and accuracy, a method for producing initial population with 
feasibility and diversity is presented. To obtain better solutions 
for subsystem physical objectives, a method for setting dy-
namic feasibility threshold is presented. 

This paper is organized as follows. Section 2 gives the 
MORCO formation. Section 3 describes the system level op-
timization based on LPP. Section 4 presents the subsystem 
optimization based on NSGA-II. Section 5 uses the speed 
reducer example to demonstrate the applicability of the pro-
posed method. Finally, section 6 gives the concluding remarks. 

 
2. Multiobjective robust collaborative optimization 

formations 

In the robust collaborative optimization (RCO) framework, 
the uncertainty range of design variable x  is assumed as 

x∆ . The model error is represented by δ∆ , which is as-
sumed to be proportional to the model output. The variant 
value y∆  of state variable y  should be estimated within the 
bi-level optimization framework. In the IUP method [5, 6], 

y∆  is estimated through Eq. (1). 
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where 1 3y y∼  are the state outputs of discipline design tools 

1 3T T∼ . 11 33B B∼  are estimated by the local partial deriva-
tives of 1 3T T∼  with respect to 1 3y y∼ . 1 3δ δ∼  are the  

bias errors associated with 1 3T T∼ . 1 3dy dy
dx dx
∼  are approxi-

mated by global sensitivity equation detailed in Eq. (2). 
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where 1 3I I∼  are the identity matrixes. 
In the CO framework, the auxiliary design variable auxx  is 

introduced as the additional design variable to replace the state 
variable y . In this paper, auxx  is also introduced to replace 
the variant value y∆  of state variable y  to avoid the calcu-
lation of Eq. (1), (2). Then the MORCO formations are given 
as follows: 

System level optimization: 
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where 0 pf  is the p th system level objective function. 0 pf∆  
is the variant function of 0 pf . sn  is the number of system 
level objective functions. n  is the number of subsystems. z  
is the system level design vector. jz  is the j th design vari-
able of z . jz∆  is the variant value of jz . *

ijx  is the opti-
mization result of the j th design variable of subsystem i . 

shs  is the number of system level sharing variables. auxs  is 
the number of system level auxiliary variables. ishs  is the 
number of sharing variables of subsystem i . iauxs  is the 
number of auxiliary design variables of subsystem i . 0δ∆  is 
the model error. 

Subsystem optimization: 
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where iqf  is the q th objective function of subsystem i . 

iqf∆  is the variant function of iqf . ix  is the design vector 
of subsystem i . ijx  is the j th design variable of ix . ijx∆  
is the variant value of ijx . *

jz  is the j th target value allo-
cated by the system level. iT  is the discipline design tool. 

iiauxx  is the output of iT . ishx  is the sharing design vector of 
subsystem i . iauxx  is the auxiliary design vector of subsys-
tem i . ilocalx  is the local design vector of subsystem i . 

ilocals  is the number of local design variables. ii∆auxx  is the 
variant value of iiauxx . iδ∆  is the model error. tn  is the 
number of subsystem objective functions. 

 
3. System level optimization based on LPP 

3.1 LPP description 

LPP is an engineering method to deal with multiobjective 
optimization problems by using the designer’s preference [15]. 
With the LPP procedure, the designer expresses his/her pref-
erences with respect to each criterion using four different 
classes: (i) Smaller-Is-Better(1S); (ii) Larger-Is-Better(2S); 
(iii) Value-Is-Better(3S); (iv) Range-Is-Better(4S). Fig. 1 pre-
sents the depiction. pZ  is the class function which is smaller-
better to each class. pf  is the value of the criterion under 
consideration. 

 
3.2 System level optimization 

The system level robust optimization based on LPP is pre-
sented as follows: 
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where psd −  denotes the negative deviation value between 0 pf  
and ( 1)p st− − , and psd +  denotes the positive deviation value 
between 0 pf  and ( 1)p st+ − . The calculation process of the 
weight psw −�  and psw +�  is given in Ref. [11]. The main process 
is as follows: 

The change in pZ  across the s th range is given by 
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To enforce the OVO rule, the relationship is given by 
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where θ  is the convexity parameter. The length of the s th 
range of the p th objective is defined by 
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Fig. 1. Linear physical programming class function regions. 

 



1074 H. Li et al. / Journal of Mechanical Science and Technology 25 (5) (2011) 1071~1079 
 

 

To guarantee the feasibility of the system level optimization, 
one way is to relax the system level consistency equality con-
straints using inequality constraints [16]. However, it is a deli-
cate work to determine a rational relaxed tolerance because 
the feasibility and the consistency have conflicting require-
ments for the tolerance. That is, the more relaxed the better for 
the feasibility while the stricter the better for the consistency 
[17]. In general, the interdisciplinary consistency requirements 
are strengthened gradually as the bi-level optimization pro-
ceeds. This paper proposes a dynamic relaxed tolerance. 
When the iteration number of the bi-level optimization is 

iterationn , the corresponding relaxed tolerance ε  is defined as 
follows: 

 
1 1

iteration

    ( )
n

ε κ
κ

= > .                          (17) 

 
If the system level optimization is still infeasible, the relaxed 
tolerance ε  is adjusted by Eq. (18). 

 
1   ( )ε ετ τ= > .                                 (18) 

 
4. Subsystem optimization based on NSGA-II 

The method based on NSGA-II is proposed for the subsys-
tem optimization which has physical objectives. The subsys-
tem objective functions include the interdisciplinary incom-
patibility function, physical objective functions and their vari-
ant functions. However, these objective functions have differ-
ent priority levels. At the first priority level, the best individual 
should be in the feasible region of the subsystem. At the sec-
ond priority level, the interdisciplinary incompatibility func-
tion of the best individual should be no more than the feasibil-
ity threshold. After the first and the second priority levels are 
achieved, physical objectives functions and their variant func-
tions are improved. 

 
4.1 Constraint handling 

In the nondominated sorting of NSGA-II [18], an individual 
ix  is said to constrain-dominate an individual jx , if any of 

the following conditions is true: 
(1) Individual ix  is feasible and individual jx  is not. 
(2) Individual ix  and jx  are infeasible, but individual ix  

has a smaller overall constraint violation. 
(3) Individual ix  and jx  are feasible, and individual ix  

dominates individual jx . 
 
The overall constraint violation of an individual is given by 

all constraints summed together [19]. Firstly, all constraints 
are normalized in the following form: 
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All constraints are assumed to be equally important. The 

overall constraint violation conϕ of individual jx  is ex-
pressed as the following: 
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where c  denotes the number of subsystem constraints. 

 
4.2 Producing an initial population at the first priority level 

The individuals should be in the feasible region of the sub-
system at the first priority level. Since this evolution process is 
irrelevant to the target values allocated by the system level, an 
initial population with diversity is produced in the feasible 
region of the subsystem. By utilizing this population, the same 
evolution process at the first priority level is avoided each 
time, which contributes to the improvement of calculation 
efficiency. By utilizing this population, the first priority is 
satisfied, which contributes to the improvement of calculation 
accuracy. 

 
4.2.1 Feasibility and diversity measurements 

(1) Feasibility measurement 
The feasibility of an individual jx  can be measured by its 

overall constraint violation ( )con jϕ x  given by Eq. (21). If the 
value of ( )con jϕ x  is zero, then jx  is a feasible individual. 
Otherwise, jx  is an infeasible individual. The bigger the 

( )con jϕ x  value, the worse the feasibility of the individual jx . 
The feasibility of a population can be measured by the average 
constraint violation of all the individuals. The feasibility 
measurement feaϕ  of a population is expressed as 

 

1
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popsize

con j
j

fea popsize

ϕ
ϕ ==

∑ x
                             (22) 

 
where popsize  denotes the population size. 

 
(2) Diversity measurement 
If the dimension of the design vector is within three, the dis-

tribution map of the design vector can be used to represent the 
diversity of a population. When the dimension of the design 
vector is more than three, the diversity measurement divϕ  of 
a population is expressed as 
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m
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i i i

x
x x

ϕ
=

∆
=

−∑                               (23) 

 
where u

ix  and l
ix  are the upper bound and lower bound of 

the design variable ix  respectively. ix∆  denotes the differ-
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ent value between maximum value and minimum value of ix . 
m  denotes the number of design variables. 

 
4.2.2 Increasing the feasibility and diversity of initial popula-

tion 

(1) Adding random individuals  
The produced population has a poor feasibility in some con-

ditions. A certain proportion of random individuals are added 
in each generation except for the final generation to solve this 
problem. The phenomenon that all the individuals are similar 
is avoided during the evolution process due to the added ran-
dom individuals. The final population has a good feasibility 
and the first priority level is satisfied. 

(2) Adjusting feasibility threshold 
The feasibility and diversity of the final population have 

conflicting requirements for the feasibility threshold of the 
individual, that is, the relative bigger threshold the better for 
the diversity, while the relative smaller threshold the better for 
the feasibility. The threshold is reduced gradually in the evolu-
tion process. The relative bigger threshold contributes to the 
diversity at the earlier stage. The relative smaller threshold 
contributes to the feasibility at the later stage. The threshold 

1conφ  is expressed as follows: 
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where γ  is the control parameter. gen  denotes the number 
of the generations. maxgen  denotes the number of maximum 
generations. In addition, the number of least feasible individu-
als conn  and the corresponding threshold con2φ  are set as 
follows: 
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where constr  is the sorted population by increasing value of 

conϕ . constrainpos  is the nesting position of conϕ  in the 
population. The bigger one between con1φ  and con2φ  is cho-
sen as the final threshold conφ : 

 
max{ , }con con1 con2φ φ φ= .                           (30) 

 
 

4.3 Setting dynamic threshold at the second priority level 

The interdisciplinary incompatibility function of the best 
individual should be no more than the feasibility threshold at 
the second priority level. If the threshold is zero, only the in-
dividuals closest to the target values allocated by the system 
level can satisfy the second priority level. This phenomenon 
will hinder the physical objectives to obtain better solutions. 

The proposed dynamic threshold decreases gradually as the 
bi-level optimization proceeds. The relative bigger threshold 
helps the physical objectives to obtain better solutions at the 
earlier stage. The threshold becomes zero and the interdisci-
plinary consistency requirements are ensured at the later stage. 
The dynamic threshold inc1φ  is defined as follows: 
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where iJ  denotes the interdisciplinary incompatibility func-
tion. SSi  denotes the iteration number of the bi-level optimi-
zation. SSn  denotes the estimated value of the max iteration 
number. The number of least feasible individuals incn  and the 
corresponding threshold inc2φ  are given as follows: 
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where incompat  is the sorted population by increasing value 
of iJ . incompos  is the nesting position of iJ  in the popu-
lation. The bigger one between inc1φ  and inc2φ  is chosen as 
the final threshold incφ  at the second priority level:  

 
max{ , }inc inc1 inc2φ φ φ= .                             (37) 

 
4.4 Selecting a single solution from the Pareto set 

Since the multiobjective subsystem has multiple solutions in 
the form of a Pareto set, a decision should be made to select a 
single solution from its Pareto set for the system level optimi-
zation. Ref. [13] gives four strategies to map a Pareto set to 
one system individual: 
(1) A solution with the best value for any one of the objectives 

according to the DM’s preference. 
(2) A solution with the worst value for any one of the objec-

tives according to the DM’s preference. 
(3) A solution chosen arbitrarily. 
(4) A combination of subsystem Pareto solutions. The Pareto 

solutions for each subsystem are combined. 
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Strategy (1) is suitable for the case that one of the objectives 
is more important than others. Strategy (2) is suitable for the 
case that one objective is relatively less important. Strategy (3) 
is suitable for the case that all the objectives are the same im-
portant. Strategy (4) will not allow passing the value of the 
coupling variables from subsystems to the system level. 

Since the interdisciplinary incompatibility function is more 
important than physical objective functions and their variant 
functions, strategy (1) is selected. The solution with the best 
value for the interdisciplinary incompatibility function is chosen. 

 
5. Engineering example 

The design of the speed reducer is a well-known problem [3, 
13, 17, 19, 20]. A three-objective optimization formation is 
given [3, 13]. They are: minimize the total volume of the 
speed reducer, minimize the maximum stress in the first and 
second gear shaft. The formations are given in Eqs. (38)-(40), 
respectively. 

 
2 2

1 1 2 3 3

2 2 3 3
1 6 7 6 7

2 2
4 6 5 7

( ) 0.7854 (3.3333 14.9334 43.0934)

1.5079 ( ) 7.477( )

0.7854( )

min f x x x x x

                  x x x x x

                  x x x x

= + − −

+ + + +

+  

 

 (38) 
2

74

2 3
2 3

6

745 1.69 10
( )

0.1

x
x x

min f x
x

⎛ ⎞
+ ×⎜ ⎟

⎝ ⎠=               (39) 

2
85

2 3
3 3

7

745 1.575 10
( )

0.1

x
x x

min f x
x

⎛ ⎞
+ ×⎜ ⎟

⎝ ⎠=             (40) 

2
1 1 2 3

2 2
2 1 2 3

3 4
3 4 2 3 6

3 4
74 5 2 3

2
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2 3
5 3

6

2
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2 3
6

7

. . 27 /( ) 1.0 0

397.5/( ) 1.0 0

1.93 /( ) 1.0 0

1.93 /( ) 1.0 0

745 1.69 10
1.0 0

180

745 1.575 10

110

s t g x x x

        g x x x

        g x x x x

g x x x x

x
x x

        g
x

x
x x

g
x

= − ≤

= − ≤

= − ≤

= − ≤

⎛ ⎞
+ ×⎜ ⎟

⎝ ⎠= − ≤

⎛ ⎞
+ ×⎜ ⎟

⎝ ⎠= 3 1.0 0− ≤

 

7 2 3

8 2 1

9 1 2

10 6 4

11 7 5

/ 40 1.0 0
5 / 1.0 0

/12 1.0 0
(1.5 1.9) / 1.0 0
(1.1 1.9) / 1.0 0

g x x
 g x x

g x x
g x x

        g x x

= − ≤

= − ≤

= − ≤
= + − ≤

= + − ≤

 

1 2

3 4

5 6

7

2.6 3.6 0.7 0.8
17 28 7.3 8.3
7.3 8.3 2.9 3.9
5.0 5.5

        x x
      x x
        x x
        x

≤ ≤ ≤ ≤
≤ ≤ ≤ ≤

≤ ≤ ≤ ≤
≤ ≤

where 1x  is gear face width. 2x  is teeth module. 3x  is 
number of teeth pinions. 4x  and 5x  are distances between 
bearings 1 and bearings 2, respectively. 6x  and 7x  are di-
ameters of shaft 1 and shaft 2, respectively. 1g  is upper 
bound on the bending stress of the gear tooth. 2g  is upper 
bound on the contact stress of the gear tooth. 3g  and 4g  are 
upper bound on the transverse deflection of the shaft. 5g  and 

6g  are upper bound on the stresses of the shaft. 7g , 8g  and 
9g  are dimensional restrictions based on experience. 10g  

and 11g  are design conditions for the shaft based on experi-
ence. 

 
5.1 Mathematical expression 

There are several reported decomposed formulations for this 
example [3]. We follow the decomposed formulation reported 
in Ref. [20]. This problem is decomposed into three subsys-
tems. Class-1 of the LPP method is used in the system level 
and NSGA-II is used in the subsystem 2. The expression is 
shown as follows: 

System level optimization: 
 

4 5

1 2

min ( )
ps ps

p s

F w d+ +

= =

= ∑∑z �                          (41) 

0 ( 1)( )p ps p ss.t. f d t+ +
−− ≤z  

 0 5( )p pf t+≤z , 

 0psd + ≥ , 

 ( )iJ ε∗ ≤z , 
 1,2,3i = , 

 
where four objective functions 01 04f f∼  are 1f , 2f , 1f∆  
and 2f∆ , respectively. 

Subsystem 1 optimization: 
 

1 1( )min J x                                  (42) 
0 1,2,7,8,9j js.t. g g j+ ∆ ≤ = .  

Subsystem 2 optimization: 
 

21 2 2 2min ( ) ( )f J=x x                             (43) 

22 2 3 2min ( ) ( )f f=x x                             (44) 

23 2 3 2min ( ) ( )f f= ∆x x                            (45) 
0 1,2,4,6,7,8,9,11j js.t. g g j+ ∆ ≤ = . 

 
Subsystem 3 optimization: 
 

3 3( )min J x                                    (46) 
0 1,2,3,5,7,8,9,10j js.t. g g j+ ∆ ≤ = .  

The worst case variability in the design variable is assumed 
to be 1%± . The preference of 01 04f f∼  are listed in Table 1. 
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5.2 Producing initial population for subsystem optimization 

Table 2 lists the feasibility and diversity of populations pro-
duced by three methods. (i) The strategies presented in section 
4.2.2 are not used. (ii) The strategy of adding random indi-
viduals is used. (iii) The strategies of adding random individu-
als and adjusting feasibility threshold are used. 

For the population produced by method (i), the feasibility is 
not satisfied and the diversity is poor. The unsatisfied feasibility 
means that the population is outside the feasible region. For the 
population produced by method (ii), the feasibility is satisfied 
due to the added random individuals. The diversity is increased 
compared with the population produced by method (i). For the 
population produced by method (iii), the feasibility is satisfied 
due to the added random individuals. The diversity is the best 
compared with the populations produced by method (i) and (ii) 
due to the adjusted feasibility threshold of the individual. 

 
5.3 Effect analysis of initial population and dynamic threshold 

The initial population produced by method (iii) in section 
5.2 is used in the subsystem 2 optimization. Four cases are 
given to demonstrate the effectiveness of the initial population 
at the first priority level and the dynamic threshold at the sec-

ond priority level. “Without initial population” refers to the 
case that the initial population is not used. “With initial popu-
lation” refers to the case that the initial population is used. 
“Fixed threshold” refers to the case that the threshold at the sec-
ond priority level is zero. “Dynamic threshold” refers to the case 
that the dynamic threshold at the second priority level is used. 
Table 3 lists the optimization results when the target value allo-
cated by the system level is (2.0,0.4,9.0,4.0,4.5,1.5,=0z 3.0).  

Referring to the results obtained from the case of “Without 
initial population”, “Fixed threshold” and “Dynamic thresh-
old” achieve the same optimal solutions. The overall con-
straint violation conϕ  of the optimal solution is nonzero, 
which indicates that the first priority level is not satisfied and 
the second priority level is not considered. 

Referring to the results obtained from the case of “With ini-
tial population”, “Fixed threshold” and “Dynamic threshold” 
achieve distinct optimal solutions. The results obtained by 
“Dynamic threshold” are better with respect to 3f  and 3f∆ . 
This is because the dynamic threshold is relatively bigger at 
the earlier stage of the bi-level optimization and this bigger 
threshold helps the physical objectives to obtain better solu-
tions. The overall constraint violation conϕ  of the optimal 
solution is zero, which indicates that the first priority level is 
satisfied due to the initial population. The calculation accuracy 
is improved compared with the results obtained from the case 
of “Without initial population”. 

 
5.4 Optimization results 

The weighted-sum approach, preference-based approach 
and MOEA approach are three main methods that have been 
used. LPP belongs to the preference-based approach. NSGA-II 
belongs to the MOEA approach. The weighted-sum approach, 
LPP and NSGA-II are used, respectively, in the multiobjective 
subsystem optimization. “NSGA-II with fixed threshold” refers 
to the proposed method with fixed threshold at the second prior-
ity level. “NSGA-II with dynamic threshold” refers to the pro-
posed method with dynamic threshold at the second priority 
level. Table 4 presents the optimization results. 

 
Table 1. Desirable ranges of each criterion. 
 

Objective 01f  02f  03f  04f  

1pt+  3000 80 150 4 

2pt+  3300 100 200 6 

3pt+  3600 150 300 8 

4pt+  3900 200 400 12 

5pt+  4200 250 600 15 

 
Table 2. Feasibility and diversity. 
 

Measurement Method (i) Method (ii) Method (iii) 

Feasibility 0.0221 0 0 

Diversity 142.6040 10−×  0.4110 1.4308 

 
Table 3. Optimization results of subsystem. 
 

First priority level Second priority level 2J  3f  3f∆  conϕ  

Fixed threshold 367.5779 806.0840 0.0277 0.0221 
Without initial population 

Dynamic threshold 367.5779 806.0840 0.0277 0.0221 

Fixed threshold 70.7629 834.9325 0.0487 0 
With initial population 

Dynamic threshold 89.9516 750.7552 0.0100 0 

 
Table 4. Robust optimization results of four different methods. 
 

Method 1f  1f∆  2f  2f∆  3f  3f∆  2J  

LPP 3589.7 174.8163 76.7815 0.0021 754.7883 0.0043 0.1054 

Weighted-sum 3256.9 149.7043 83.0797 0.0023 825.2615 0.0487 38.854 10−×

NSGA-II with fixed threshold 3362.5 164.9392 78.0198 0.0021 808.1011 0.0305 71.494 10−×

NSGA-II with dynamic threshold 3323.5 162.6952 77.8524 0.0021 787.0120 0.0200 71.474 10−×
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Referring to the results obtained from LPP, the value of the 
interdisciplinary incompatibility function 2J  is more than 
zero, which indicates that the interdisciplinary consistency is 
not satisfied. Referring to the results obtained from the 
weighted-sum approach, the value of 2J  becomes smaller 
than the result obtained from LPP, which results from using a 
bigger weight for the interdisciplinary incompatibility function. 
The value of 2J  obtained from both the weighted-sum and 
LPP approaches is not satisfied, since the interdisciplinary 
incompatibility function and physical objectives are on the 
same priority. Therefore, the weighted-sum and LPP ap-
proaches are not suitable for the multiobjective subsystem 
optimization. 

Referring to the results obtained from the proposed NSGA-
II method, the value of 2J  can be seen as zero, which indi-
cates that the interdisciplinary consistency is satisfied. The 
satisfied value of 2J  is obtained due to the priority setting. 
The objective function 1f  and its variant function 1f∆  are in 
the tolerable region and the desirable region respectively. The 
objective function 2f  and its variant function 2f∆  are both 
in the ideal region. 

The results obtained from “NSGA-II with dynamic thresh-
old” are better than the results obtained from “NSGA-II with 
fixed threshold” due to the dynamic threshold at the second 
priority level. At the earlier stage of the bi-level optimization, 
the relative bigger threshold helps to obtain better solutions 
with respect to 3f  and 3f∆ . At the later stage, the threshold 
becomes zero and the interdisciplinary consistency require-
ments are satisfied. Fig. 2 show the convergence histories for 
the objective function 3f , 3f∆  and the interdisciplinary in-
compatibility function 2J  during the whole bi-level optimi-
zation process. 

In addition, the interdisciplinary inconsistency is an impor-
tant parameter during the bi-level optimization process. The 

expression of the interdisciplinary inconsistency k  is given 
based on the interdisciplinary incompatibility functions re-
turned by all the subsystems as the following: 

 

1
( , )

n

i i i
i

k J ∗ ∗

=

= ∑ x z
. 

                             (47) 

 
Fig. 3 present the convergence histories for the objective 

function 1f , 1f∆ , 2f , 2f∆  and the interdisciplinary incon-
sistency k . It can be seen from Fig. 3(e) that the interdisci-
plinary inconsistency k  decreases gradually as the bi-level 
optimization proceeds. Finally, the interdisciplinary inconsis-
tency curve converges to the zero point and the interdiscipli-
nary consistency requirements are satisfied. 

 
6. Conclusions 

A new method based on LPP and NSGA-II is proposed for 
the MORCO problem with multiple objectives at the system 
and subsystem levels. The main work focuses on the subsys-
tem optimization with physical objectives, which has two new 
characteristics. On one hand, the initial population with feasi-
bility and diversity can improve the calculation efficiency and 
accuracy of the subsystem optimization. On the other hand, 
the proposed dynamic feasibility threshold helps to obtain 
better solutions for the subsystem physical objectives. 
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Fig. 2. Convergence plots for objective functions of subsystem level. 
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Fig. 3. Convergence plots for objective functions of system level. 
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An engineering example of the speed reducer is provided to 
illustrate the effectiveness of the proposed method. Based on 
the results, three conclusions can be drawn. First, the proposed 
method for producing an initial population is the best one 
compared with the other two methods, through the compari-
son of the produced populations on the feasibility and the di-
versity. Second, the calculation accuracy of the subsystem 
optimization is improved due to the initial population. Third, 
the proposed method based on LPP and NSGA-II achieves 
good results with respect to the subsystem physical objectives 
and interdisciplinary consistency compared with two other 
RCO methods. 

 
Acknowledgment 

This work was supported by the National High Technology 
Research and Development Program of China (Grant No. 
2009AA04Z104). 

 
References 

[1] P. Zadeh, V. Toropov and A. Wood, Metamodel-based col-
laborative optimization framework, Structural and Multidis-
ciplinary Optimization, 38 (2) (2009) 103-115.  

[2] J. K. Allen, C. Seepersad, H. J. Choi and F. Mistree, Robust 
design for multiscale and multidisciplinary Applications, 
Transactions of the ASME, 128 (4) (2006) 832-843.  

[3] M. Li and S. Azarm, Multiobjective collaborative robust 
optimization with interval uncertainty and interdisciplinary 
uncertainty propagation, Journal of Mechanical Design, 130 
(8) (2008) 1-11. 

[4] X. P. Du and W. Chen, Efficient uncertainty analysis meth-
ods for multidisciplinary robust design, AIAA Journal, 40 (3) 
(2002) 545-552. 

[5] X. Y. Gu, J. E. Renaud, S. M. Batill, R. M. Brach and A. S. 
Budhiraja, Worst case propagated uncertainty of multidisci-
plinary systems in robust design optimization, Structural and 
Multidisciplinary Optimization, 20 (3) (2000) 190-213. 

[6] X. Y. Gu, J. E. Renaud and C. L. Penninger, Implicit uncer-
tainty propagation for robust collaborative optimization, 
Journal of Mechanical Design, 128 (4) (2006) 1001-1013. 

[7] W. M. Wang, Y. H. Peng, J. Hu and Z. M. Cao, Collabora-
tive robust optimization under uncertainty base on general-
ized dynamic constraints network, Structural and multidisci-
plinary optimization, 38 (2) (2009) 159-170. 

[8] R. V. Tappeta and J. E. Renaud, Multiobjective collaborative 
optimization, Journal of Mechanical Design, 119 (3) (1997) 
403-411. 

[9] C. D. Mcallister, T. W. Simpson, K. Hacker, K. Lewis and A. 
Messac, Integrating linear physical programming within col-
laborative optimization for multiobjective multidisciplinary 
design, Structural and Multidisciplinary Optimization, 29 (3) 
(2005) 178-189. 

 
 

[10]   C. D. Mcallister and T. W. Simpson, Multidisciplinary 
robust design optimization of an internal combustion engine, 
Journal of Mechanical Design, 125 (3) (2003) 124-130. 

[11]   C. D. Mcallister, T. W. Simpson, K. Hacker, K. Lewis and 
A. Messac, Robust multiobjective optimization through col-
laborative optimization and linear physical programming, 
10th AIAA/ISSMO Multidisciplinary Analysis and Optimiza-
tion Conference, Albany, NY, USA (2004) 2745-2760. 

[12]   H. Z. Huang, Y. Tao and Y. Liu, Multidisciplinary collabo-
rative optimization using fuzzy satisfaction degree and fuzzy 
sufficiency degree model, Soft Computing, 12 (10) (2008) 
995-1005. 

[13]   A. Vikrant and A. Shapour, A genetic algorithms based 
approach for multidisciplinary multiobjective collaborative 
optimization, 11th AIAA/ISSMO Multidisciplinary Analysis 
and Optimization Conference, Portsmouth, VA, USA (2006) 
630-646. 

[14]   S. Rabeau, P. Dépincé and F. Bennis, Collaborative optimi-
zation of complex systems: a multidisciplinary approach, In-
ternational Journal on Interactive Design and Manufactur-
ing, 1 (4) (2007) 209-218.  

[15]   A. Messac, S. M. Gupta and B. Akbulut, Linear physical 
programming: a new approach to multiple objective optimi-
zation, Transactions on operational research, 8 (10) (1996) 
39-59. 

[16]   N. M. Alexandrov and R. M. Lewis, Analytical and compu-
tational aspects of collaborative optimization, NASA/TM-
2000-210104 (2000). 

[17]   X. Li, W. J. Li and C. A. Liu, Geometric analysis of col-
laborative optimization, Structural and Multidisciplinary 
Optimization, 35 (4) (2008) 301-313. 

[18]   K. Deb, A. Pratap, S. Agarwal and T. Meyarivan, A fast 
and elitist multi-objective genetic algorithm: NSGA-II, IEEE 
Transactions on Evolutionary Computation, 6 (2) (2002) 
182-197. 

[19]   W. Y. Gong, Z. H. Cai and L. Zhu, An efficient multiobjec-
tive differential evolution algorithm for engineering design, 
Structural and Multidisciplinary Optimization, 38 (2) (2009) 
137-157. 

[20]   S. Kodiyalam, Evaluation of methods for multidisciplinary 
design optimization(MDO), NASA/CR-1998-208716 (1998). 

 
 

Haiyan Li received her B.S., M.S. and 
Ph.D. in Control Theory and Control 
Engineering from Northeastern Univer-
sity, Shenyang, China. Presently, she is 
working as an assistant professor of 
Multidisciplinary Optimal Design at 
Northeastern University. She has some 
publications in refereed journals and 

conferences. Her main research interests include multidisci-
plinary design optimization and approximation algorithms.  
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /KOR <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [545.000 394.000]
>> setpagedevice


