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Abstract

A quest for obtaining the absolute metastable limit of liquids has been attempted by many researchers using various methods. The ab-
solute limit obtained was the case having the maximum nucleation rate with one molecule critical cluster from a nucleation theory based
on molecular interactions. In this study, the tensile strengths measured by various techniques were compared to the theoretical absolute
metastable limit. The tensile strength of water, measured in microscopic inclusions, is close to the absolute metastable limit of 160 MPa
while the tensile strength values measured by the centrifugal and acoustic methods is only about 15% of the absolute metastable limit. It
has been found that the tensile strength values depend on the experimental conditions which determine the nucleation rate values. Prob-

lems related to predicting the absolute metastable limit by the classical bubble nucleation theory were also discussed.
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1. Introduction

Liquids can be stretched under tension. The maximum me-
tastable limit of negative pressure at which the breakdown
occurs due to bubble formation or evaporation is called the
tensile strength of liquid. A quest to obtain the absolute me-
tastable limit of liquids has been attempted by many research-
ers using various techniques. An ingenious experiment to
measure the tensile strength of liquid by the centrifugal
method in a rotating capillary tube was done by Briggs [1].
The maximum tensile strength value obtained by Briggs for
water at 7C is about 28.0 MPa. A maximum tensile strength
value of water at 8.3, which was obtained by an improved
Berthlot tube technique [2], is about 2.03 MPa [3]. The tensile
strength values measured recently by an acoustical method [4],
whose values vary from 26.40 MPa at 0.1C to 16.50 MPa at
80°C, are close to the values obtained by Briggs [1]. How-
ever, the measured stability limit of liquid water in a vapor-
coupled void formed in a hydrogel membrane [5] at 21.4TC is
about 22.09 MPa, which is quite lower than the value meas-
ured by Briggs [1] and Herbert et al. [4]. A maximum tension
of 140.03 MPa for water at 42°C was obtained in microscopic
inclusions [6], in which very high tension can be generated [7]
by the Berthlot tube principle [2]. On the other hand, an an-
omalously low value of the tensile strength of water was ob-
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tained through dynamic stressing experiments [8]. For example,
Couzens and Trevena [9] obtained a value of 1.50 MPa for
degassed and deionized water by the bullet-piston technique.

The thermodynamic viewpoint of tensile strength shows
that it is immaterial whether the pressure at the maximum
metastable state is positive or negative. By avoiding boiling,
Briggs [10] was able to reach a maximum temperature of
270C before a vapor bubble formed homogeneously in water
at 1 atm. The same metastable state could also result from an
isothermal decompression from the saturate state of water at
270C and at 550 MPa to 0.1 MPa. Hence, the tensile
strength of water at 270°C may be defined as 5.40 MPa. Con-
sequently, the tensile strength at a given temperature may be
defined as

=P, (T)-P;, M

where P, is the final ambient pressure, and P, is the vapor
pressure for a given temperature.

In this study, the absolute metastable limits of liquid were
obtained from a nucleation theory based on molecular interac-
tions [11] for vapor bubble formation. The measured values of
the tensile strength of liquid found in rotating capillary tubes
[1], by the acoustic method [4] and in microscopic inclusions
[6] were compared to the theoretical absolute metastable limit.

2. Classical theory of bubble nucleation

The classical theory of bubble nucleation is a mixture of
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macroscopic and molecular concepts. For the bubble forma-
tion, the classical theory initially assumes the formation of the
critical size bubble in the mechanical equilibrium condition.
Given the macroscopic interfacial tension, the condition for
the formation of the critical size bubble is given by

P'-P,=20/R,. @

The equilibrium pressure of the bubble P" is related to the
vapor pressure P corresponding to the liquid temperature T
at a given ambient pressure P [12]. That is,

P"Pmexp{-v'(lf";)f)}. 3

The maximum energy needed to form the critical size bub-
ble, which can be obtained from a thermodynamic argument
[13], is given by

3

4 1
F, =711:ch=ﬂ “G >
3 3 (P-P)
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The above expression, Eq. (4), originally proposed by
Gibbs, has been used previously for a variety of purposes [14].
However, it is doubtful whether Eq. (2) is pertinent when R,
approaches a molecular dimension [15]. The classical theory
of nucleation kinetics, ascribed to Doering [16], Volmer and
Weber [17], and Zeldovich [18], supplies unimolecular steady
state processes of nucleation for the critical bubble. For the
limiting cases in which near-critical-sized bubbles are in me-
chanical equilibrium with the bulk, the nucleation rate can be
calculated from the kinetic theory argument with an ideal be-
havior assumption for the gas inside the critical bubble. A
detailed derivation is given in Debendetti [19], which is given
by

16n6’ } ®)

12
J:N( o j eXpl-—————
mB 3k, T(P'-P,)

where B is a constant whose value is 2/3 for the bubble forma-
tion.

3. Vapor bubble nucleation theory based on molecu-
lar interactions

In the metastable state under tension, one can imagine the
formation of clusters or aggregates of activated liquid mole-
cules. When a single molecule is surrounded by Z nearest
neighboring molecules (Z=12 for the FCC structure), the
molecule may be separated from the group by applying energy
[20], W=Z¢,, . Then, the energy required to cut across a com-
position of n molecules from the surrounding liquid is given
by

n

W = %z%n”% ©)

With this surface energy and the chemical potential difference
between saturated and metastable liquid molecules acting as
the driving force for the clustering of activated molecules,
Kwak and Panton [11] obtained the stability condition for the
critical cluster and the corresponding free energy for bubble
nucleation. These are

Pl =2, v, )
F, :Z—Zmngﬂ. (8)

In Eq. (7), n. is the number of vapor molecules inside the
critical cluster, and ¢, is the energy required to separate a
pair of liquid molecules from the given liquid state to the criti-
cal state. This is approximately given by [11]

2 d 6 d 12
e
P d,) \d,
The average distance between molecules d,, in Eq. (9) and

the effective molecular volume v, can be found from the
number density of the liquid, N. The relation is

nd’ N/6=v, N=0.7405 (10)

where 0.7405 is the packing fraction of the FCC lattice struc-
ture. The parameter ¢, in Eq. (9) is the potential correspond-
ing to the London dispersion interaction. This term is given by
[21]

3 B’
g =——1—.
16 d°

(11

The growth of a cluster depends on the kinetic events within
the liquid medium. The kinetic theory for the cluster forma-
tion may be explained by Frenkel’s pre-transition theory [22]:
a cluster of different sizes may be treated as a molecule of a
different kind. If we assume that the growth is a quasi-
stationary phenomenon caused by the monomer addition of
activated molecules, then the nucleation rate J,. of the critical
cluster per unit volume may be written as [22]

J..=Z:D N exp _ﬂniﬂ ) 1
6k, T

Here, N is the number density of dissolved molecules in the
solution, and Z; is the Zeldovich non-equilibrium factor [23],
which is given by

1 aZF 12
7 =|- n . 13
' { anBT(é‘nz ﬂ )

n=n,

Estimates for D, are obtained from the kinetic theory for-
mulae relating the flux to the mean velocity v, the number
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Table 1. Absolute instability limits calculated and the measured values
of the tensile strength for various organic liquids at 20°C.

Absolute  Corresponding Measured
Liquid Density tensile nucleation tensile
4 (g/em®) strength rate value strength
(MPa) (/m’s) (MPa)
ccl, 1.5205 48.09 8.9x10° 29.00 (60.3%)
Chloroform 14100 50.88 3.5x10% 27.22 (53.5%)
Aceticacid  0.9960 53.33 3.0x10% 28.80 (54.0%)
Benzene  0.8398 48.34 3.9x10% 15.00 (31.0%)
Aniline 0.9969 54.22 6.4x10% 28.00 (51.6%)
35
®  Briggs' experiment
~ | O Herbert et. al.'s experiment
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Fig. 1. Tensile strength of water as a function of temperature up to the
superheat limit with nucleation rate values of J,=1 Jem?®s (dashed
line) , J,.=10° /em’s (solid line) and vapor pressure line (dot-dash line).
Briggs’ experiment at 270°C is a result of decompression experiment.

density Higf activated molecules, and the cluster area of
A, ;D,=pvnA /4. In these formulae, B is the accommoda-
tion coefficient. To distinguish the activated molecules, we
choose the energy level AH,,, corresppndmg to the enthalpy
of evaporation. Thus, the number of activated molecules is

n=Nexp(-AH,, /RT). (14)

Furthermore, the effective mean velocity of molecules in a
liquid [24] is

v=(8k,T/mm)"exp(-AH,/RT,). (15)

Hence, AH, is the enthalpy of fusion, and T is the melt-
ing temperature. Combining these results gives

12 2/3

AH

ZfD":—N ( ky T j 411:(3‘/‘“ J B exp{- w AH } (16)
Jor 4n RT RT,

The nucleation theory presented in this section predicts the
superheat limit of liquids [25], as well as the evaporation proc-
ess at the superheat [25, 26] at which bubble formation does
not occur as predicted by the classical nucleation theory. Fur-
thermore, the theory correctly predicts the temperature at

which bubble nucleation occurs on the micro-heater used in an
ink-jet printer and the normal boiling point of liquid at the flat
interface [27].

4. Calculation results and discussion

In Table 1, the absolute instability conditions for the vapor
nucleus, calculated from Eq. (7) with n=1, along with the
experimental values by Briggs [28] are given. Except for ben-
zene, the observed tensile strengths by Briggs are about
50~60% of the maximum metastable limits. In this calculation,
the density decrease in the negative pressure was taken into
account. The isothermal compressibility data by ultracentrifu-
gation [29] were used to estimate the density in the negative
pressure region for organic solutions.

Fig. 1 shows the theoretical tensile strength curve of water
as a function of temperature with a nucleation rate value of
J.=1 and J,=10%cm’s along with the observed values by
Briggs [1,10], Herbert et al., [4] and Apfel [30]. Among these,
there is very good agreement with the experiment, including
the prediction of the superheat limit at 279.5C [30]. The
measured values of the tensile strength of water in rotating
capillary tubes are in the range of the calculated theoretical
values of J,.=1 and J,=10° up to 45C. Also, the experimental
results executed remarkably by the acoustic technique [4] fall
in the same range of the theoretical values up to 50°C. How-
ever, a rapid drop in the tensile strength near 0 Cthat appeared
in the rotating capillary tube experiment [1] was not observed
in the acoustic method. Such good agreement between theory
and observation for the tensile strength of water indicates that
homogenous bubble nucleation in a pool of liquid occurs at
the nucleation rate values considerably less than at the abso-
lute metastable limit. This observation indicates that homoge-
neous bubble nucleation is possible even at 10-17% of the
maximum metastable limit in a pool of water. On the other
hand, the predicted tensile strength of water by the classical
nucleation theory is over 150.0 MPa at 20C, which is much
higher than the observed value by either the centrifugal
method [1] or the acoustical method. [4]. The superheat limit
in Fig. 1 is determined from the intersection between the va-
por pressure curve, P,-Py, and the tensile strength curve ob-
tained from Eqgs. (1) and (7).

=P, P = Lon | 17
f 3 c
A%

m

In Table 2, the estimated superheat limit for various organic
solutions by the nucleation theory [11] with a nucleation rate
value of J,=10" nuclei/cm’s, and the absolute metastable
limit and the measured tensile strength, estimated by
P_(T,)-P;, where Tj is the superheat limit, are also given. The
values of the measured tensile strengths are approximately
17% of the absolute metastable limit.

One of the parameters that characterize the nucleation
events is time lag, which is defined as the time required to
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Table 2. Absolute instability limits and the measured tensile strength at
the superheat limit for various organic liquids.

Table 3. Calculated absolute metastable limits and the corresponding
nucleation rate values for water at various temperatures.

Calculated . Absolute Absolute tensile strength (MPa) .
superheat (:;:Els;)t}; " metastable Measured tensile Temperature| Density With ] ] NuctleaJnon
i limit, N N limit (MPa) ~strength (MPa) °C) (g/em’) densitydata under With density data| rate J*
Liqui T (K) with  hesuperheat ©Uh of static water | (/cm’s)
I S (102)27“ 3 limit }'/h g ( 1)‘ Poo <P f negative pressure
bt with B 0 0.8779 158.69 226.60 3.7x10%
Propane 329.0 0.4379 10.63 1.84 (17.3%) =
10 0.8884 164.16 226.60 9.9x10~
Butane 378.0 0.4613 9.00 1.61 (17.9%) 2
20 0.8927 166.44 22542 2.4x10%
Pentane 421.0 0.4625 6.81 1.45 (21.3%) 2
30 0.8977 166.97 224.25 5.7x10%
Hexane 457.0 0.4693 5.78 1.30 (22.5%) ”
40 0.8923 166.22 221.93 1.2x107
Heptane 487.0 0.4719 4.77 0.81 (17.0%) =
50 0.8890 164.50 219.64 2.6x10
Benzene 504.5 0.6050 10.45 223 (21.3%) >
Cyelo 60 0.8844 162.09 216.82 5.3x10
hexane 493.0 0.5454 9.85 173 (17.6%) 70 0.8786 159.04 213.46 1.0x10%
80 0.8713 155.32 210.18 1.9x10%
. . 26
reach the steady state nucleation rate. The time lag may be 0 0.8630 151.06 206.41 3.5x10
given by [23] 100 0.8535 14631 202.18 6.2x10%
1 -100
t1: T~ 2 | (18) —e— (alculated tensile strength
4TED“Zf -120 - +++0+- Spinodal points by HGK
—-v— Spinodal points by Speedy
. . . ? -140
The time lag for the bubble nucleation in a pool of water for E
the cases shown in Fig. 1 is about a fraction of a second. On g 1601
the other hand, the calculated time lag with a nucleation rate E -180 -
value of J,.=10" clusters/cm’s for the butane droplet evapo- g 200 |
rated at its superheat limit is about 16 ps, and the calculated A
evaporation time of a 1-mm-diameter butane droplet is about -220 1
40 ps [25], which are close to the observed values [26]. Cer- 240 ‘ ‘ ‘ ‘ ‘ ‘ ‘

tainly, the classical theory, which assumes the formation of
the critical size bubble, cannot explain the evaporation process
at the superheat limit of liquid.

In Table 3, the absolute metastable limits of water with a
stretched density in the temperature range between 07 Cand
100C are shown. The density of stretched water under nega-
tive pressure was estimated using the following equation [31],
which is formulated from the equation of state for water by
Chen, Fine, and Millero [32] in the ranges 0~100C and
0~100 Mpa:

p=p, [ 1+y/(1-P/R /B, |. (19)

In the above equation, the fitted parameters, p, , P, and By
for the stretched water are taken from Speedy [31]. As can be
seen from Table 3, the absolute metastable limit found by Eq.
(3) with n=1 is lower than the pressure at the spinodal point
by Speedy and by the HGK equation of water [33]. As can be
seen in Table 3, the maximum metastable limits estimated
with the density data of a stretched liquid under negative pres-
sure are certainly less than those obtained with the density
data of a static liquid. As shown in Fig. 2, the calculated
maximum metastable limits at various temperatures for water
are close to the spinodal points calculated by the HGK equa-
tion of state for water. On the other hand, the calculated

20 0 20 40 60 80 100 120 140
Temperature (C)

Fig. 2. Calculated absolute metastable limit for water with stretched
density (full circle) depending on the temperature, the spinodal by the
HGK equation of state for water (empty circle) and the spinodal by
Speedy (triangle).

maximum metastable limits with a static density show the
lowest tensile strength values, as shown in Fig. 2.

The nucleation rate at this particular process may be esti-
mated by the following equation:

N =0V, it

nucl ncev ' nuel “nucl

(20
where V, , is the volume of nucleation, and t_, is the dura-
tion of the nucleation process. The number of molecules in-
volved in the nucleation process, N, ,, can be estimated by
the ideal gas law or PV, =N, k,T . For the vapor bubble
nucleation of water in the micro-inclusions under tension, the
radius of the nucleated volume [6] was found to be about
0.4 um so that V,,,,=0.033 wum ?. Since the number of mole-
cules involved in the nucleation process is about 10° and the
nucleation duration is ms so that the nucleation rate is about
10*/cm’s, which is close to the nucleation rate at the maxi-
mum metastable limit of 10%/cm’s for water at 407, as
shown in Table 2. With a tensile strength of 140.03 MPa
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rather than the absolute metastable limit of 166.22 MPa for
water at 40°C, the nucleation rate reduces to 10**/cm’s. The
absolute rate of evaporation, p\/k,T/2zm [34], may be
achieved for the case in which a cluster is constituted by one
molecule, the absolute metastable limit.

The nucleation rate value estimated by Eq. (5) at the tensile
strength limit of 140.03 MPa is about 10° bubbles/cm’s. At
this condition, the radius of the critical bubble estimated from
Eq. (2) is about Inm. It is also noted that the number of mole-
cules inside the critical size bubble having a volume of 4.2
nm’ is about 50, so that such a nano bubble is hardly defined.
Certainly, the concept of interface cannot be defined in this
dimension. Furthermore, with this nucleation rate value, the
waiting time calculated by a relation, J V,  t.. =1 [35], is
about 3 x 10”s (= 1yr) for the nucleated of 0.4 um diameter in
a micro-inclusion. This calculated result for the waiting time
for nucleation is too long.

Except for the vapor nucleation in micro-inclusions, the ab-
solute metastable limit can hardly be achieved. In fact, the
tensile strength achieved at the superheat limit of liquid by the
droplet explosion technique [13, 35] is about 17% of the abso-
lute metastable limit. The tensile strength experiment in mi-
cro-inclusions and the test of the superheat limit by the droplet
explosion technique suggest that the observed tensile strength
for bubble formation may depend on the experimental condi-
tion, which determines the nucleation rate. It should be noted
that the nucleation theory itself should predict the condition at
which nucleation occurs, as well as the nucleation rate, which
is related to the intensity of the process. In fact, the nucleation
theory itself does not allow an arbitrary value for the nuclea-
tion rate. Of course, the nucleate rate is determined by the
nucleation process itself. Various gaseous and vaporous bub-
ble nucleation occurred at different conditions are discussed in
detail by Kwak [36].

5. Negative pressure obtained from radial distribu-
tion function

The absolute metastable limit of liquid may be obtained
from the solution of the integral equation for the radial dis-
tribution function. Kirkwood et al. [37] obtained the equa-
tion of state and thermodynamic functions over a wide range
of temperature and density by solving numerically the inte-
gral equation for the radial distribution of spherical mole-
cules interacting with the Lennard-Jones potential. The re-
duced critical properties determined from their study are
given as

v.=(v/N,)/a*=2.585 @2n
p.=p.(a’/£)=0.199 (22)
T =T,/(e/k,)=1.433 . (23)

With the critical temperature and pressure values of water,
one may obtained the force constant (e/k,) and the charac-
teristic volume «° for water, which are 451.7 K and 56.2 x
102 em’, respectively. With these values and the value of
p'v/T at T'=0.833 , one may obtain the absolute limit of
negative pressure, 214.0 MPa at T=103.2 C, which is close
to the value of the maximum metastable limit at 100°C for
water with the normal density data as shown in Table 3. It is
noted that the absolute metastable limit, which can be ob-
tained from Eq. (7) with n=1, was also obtained using a ther-
modynamic stability analysis [38].

6. Conclusion

The tensile strength values obtained by various technique
were compared to the classical theory of bubble nucleation
and a nucleation theory based on molecular interactions. It has
been found that the nucleation rate value at which bubble nu-
cleation occurs depends crucially on the experimental meth-
ods in which different nucleation rate values should be applied.
Dynamic stretching method yielded the lowest value of the
tensile strength of water. Homogeneous bubble nucleation in a
rotating capillary tube and in liquid under negative pressure
generated by an acoustic pulse can be predicted with the nu-
cleation rate of 1~10° bubbles/cm’s. The superheat limit of
liquids and the evaporation process at this limit can also be
predicted with a nucleation rate value of 10” clusters/cm’s by
the nucleation theory, based on the molecular interaction. On
the other hand, for bubble nucleation in the micro-inclusion
under tension, the nucleation rate value is estimated to be
about 10* clusters/cm’s. Nucleation in a micro-system with a
static environment yields a tensile strength value close to the
absolute metastable limit at which nucleation by one molecule
cluster is possible. A tensile strength value less than the abso-
lute metastable limit of 160 MPa for water may be obtained
due to the stretching of liquid under negative pressure.
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Nomenclature

A : Interfacial area

d, : Average distance between molecules

D, : Rate of molecules striking on the surface of
n-mer cluster

d, : Vander Waals’ diameter of liquid molecules

E, : Ionization potential

F, : Freeenergy needed to form n-mer cluster

J,: Nucleation rate of n-mer cluster per unit volume

k, : Boltzmann constant

m : Mass of molecule

n Number of molecules in a cluster



868 H.-Y. Kwak et al. / Journal of Mechanical Science and Technology 25 (4) (2011) 863~869

N Number density = p,_/m or number of molecules
P Pressure

P, Vapor pressure

R Radius of bubble or radius of nucleus

t e Duration of nucleation process

t, Lag time for bubble nucleation

T Temperature of liquid

T; Melting temperature of liquid

Vo Volume of nucleated phase

v Usual molecular volume of liquid

v, Effective molecular volume of liquid

Z Coordination number

Z, Zeldovich nonequilibrium factor

Greek letter

a : Polarizability of a liquid molecule

B : Accommodation coefficient

AH,,,: Enthalpy of evaporation

AH; : Enthalpy of fusion

g, . Potential parameter of London dispersion attraction

. Energy needed to separate a pair of molecules
p . Density

p. : Density of liquid

p. : Critical density of liquid
c . Interfacial tension

T :  Tensile strength of liquid
Subscripts

c Critical state or critical cluster
f Final or ambient

v Vapor

g Gas

1 Liquid
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