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Abstract 
 
Structural damage detection technique involves the problem of how to locate and detect damage that occurs in a 

structure by using the observed changes of its dynamic and static characteristics. The objective of this study is to pre-
sent an analytical method for damage detection by utilizing displacement curvature and all static deflection data to be 
expanded from the measured deflection data. Utilizing the measured displacements as displacement constraints to de-
scribe a damaged beam, minimizing the change of the displacement vector between undamaged and damaged states, 
and neglecting the variation between the test data and the analytical results, the deflection shape and displacement cur-
vature of the damaged beam can be estimated, and the damage can be detected by the curvature. The validity and effec-
tiveness of the proposed method are illustrated through comparison with the experimental results of a simple cantilever 
beam test. 

 
Keywords: Damage detection; Displacement curvature; Constraint; Data expansion; Incomplete data 
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 

 
1. Introduction 

Regular inspection and condition assessment of 
civil structures are necessary to allow early detection 
of any damage and to enable maintenance and repair 
work at the initial damage phase, such that the struc-
tural safety and reliability are guaranteed with a 
minimum of costs. Structural damage detection tech-
nique involves the problem of locating and detecting 
damage that occurs in a structure by using the ob-
served changes of its dynamic and static characteris-
tics. Maintaining safe and reliable civil infrastructure 
for daily use is a topic that has received considerable 
attention in the literature in recent years.  

Sheena et al. [1] presented an analytical method to 
assess the stiffness matrix by minimizing the differ-
ence between the actual and the analytical stiffness 
matrix subjected to the measured displacement con-

straints. Minimizing the difference between the ap-
plied and the internal forces, Sanayei and Scampoli 
[2] presented a finite element method for static pa-
rameter identification of structures by the systematic 
identification of plate-bending stiffness parameters 
for a one-third scale, reinforced-concrete pier-deck 
model. Sanayei and Onipede [3] provided an analyti-
cal method to identify the properties of structural 
elements from static test data such as a set of applied 
static forces and another set of measured displace-
ments. Minimizing an index of discrepancy between 
the model and the measurements, Banan et al. [4, 5] 
proposed the mathematical formulations of two least-
squares parameter estimators that estimate element 
constitutive parameters of a finite-element model that 
corresponds to a real structural system from measured 
static response to a given set of loads. And they inves-
tigated the performance of the force-error estimator 
and the displacement-error estimator.  

Choi et al. [6] developed an elastic damage load 
theorem and an approach to the damage identification 
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using static displacements. Chen et al. [7] presented a 
two-stage damage identification algorithm to use the 
change of measured static displacement curvature and 
grey system theory. Bakhtiari-Nejad et al. [8] pre-
sented a method to describe the change in the static 
displacement of certain degrees of freedom by mini-
mizing the difference between the load vectors of 
damaged and undamaged structures. Wang et al. [9] 
proposed a two-stage identification algorithm for 
identifying the structural damages by employing the 
changes in natural frequencies and measured static 
displacements. 

Damage detection by curvature or strain energy 
mode shapes has been widely discussed. Pandey et al. 
[10] detected the location of cracks by observing 
changes in curvature mode shapes from the displace-
ment mode shapes. The paper showed that damage 
introduced into the structure led to local changes in 
the shape of curvature mode shapes, which could be 
observed by comparing the curvature mode shapes of 
the damaged structure to those of the undamaged 
structure. Lauwagie et al. [11] presented a finite ele-
ment method procedure to identify the longitudinal 
stiffness profile of a beam specimen from the modal 
curvatures and resonance frequency of one single 
vibration mode. Sazonov and Klinkhachorn [12] pro-
vided both analytical and numerical justification for 
the selection of the proper sampling interval for per-
forming damage detection on curvature and strain 
energy mode shapes with the most commonly used 
numerical methods.  

The number of transducers will be far less than the 
number of degrees of freedom in the finite element 
model. It requires that the stiffness matrix must be 
reduced or the measured deflection data may be ex-
panded to estimate the data at unmeasured locations. 
This paper discusses the application of a model-based 
approach to detect the flexural damage of a steel 
beam with all deflection data to be expanded from the 
measured deflection data. Starting from an analytical 
method to describe the static deflection of constrained 
structure provided by Eun, Lee and Chung [13], this 
study provides an analytical method to estimate all 
deflection data of the damaged beam, computes the 
displacement curvature from the displacement data, 
and detects the damaged location. Cantilever steel 
beams with a single damage and multiple damages 
were tested and the effectiveness of the proposed 
method was verified by a comparison with the ex-
perimental results.  

 
2. Formulation  

This section derives the damage detection method 
to detect the damaged location of the beam by esti-
mating unmeasured displacement data from measured 
deflection data and introducing the displacement cur-
vature from the deflection data. The deflection of the 
damaged beam has a tendency to increase due to the 
damage as if the intact structure is subjected to the 
additional unknown forces besides the applied forces. 
Figs. 1(a) and (b) exhibit the deflected shapes, u  
and *u , of the simply supported beam at undamaged 
and damaged states, respectively, subjected to the 
applied force P  at px  from the left support. It is 
apparent that the damaged beam represents larger 
deflection due to the deteriorated flexural rigidity. 
The beam is damaged at dx  from the left support 
and the displacements can be measured at other loca-
tions mx . It can be assumed that the damaged deflec-
tion of Fig. 1(b) leads to the same displacements as 
the undamaged beam subjected to both the applied 
force P  `of Fig. 1(a) and the additional unknown 
force cF  at the measuring point of Fig. 1(c). As the 
number of measurement points increases, the esti-
mated shape of the damaged deflection can be more 
accurately obtained by the action of the additional  

 

 
(a) 

 
(b) 

 
(c) 

 
Fig. 1. Damage detection approach: (a) deflected curve be-
fore being damaged, (b) deflected curve after being damaged, 
(c) additional displacement caused by the additional force on 
undamaged beam. 
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forces at the measurement points. Thus, at first this 
study estimates the unknown force to describe the 
damaged deflection based on the measured displace-
ment data. 

Let us consider a structural system as a finite ele-
ment model described by a displacement vector 

1 2
T

nu u u= ⎡ ⎤⎣ ⎦u . The static equilibrium equa-
tion of the structure at the undamaged state is ex-
pressed by 

=F Ku   (1) 

where K  is an n n×  positive-definite stiffness 
matrix and F  denotes an 1n×  applied static force 
vector. Then the displacement vector u  can be cal-
culated as 

1−=u K F   (2) 

If the displacements calculated by Eq. (2) corre-
spond to the measured displacements, they exhibit the 
undamaged displacements. However, if the structure 
has been damaged by environmental or accidental 
loads, the structural stiffness matrices are changed 
and the calculated displacements at the intact state do 
not correspond with the measured displacements. The 
difference between the intact and damaged displace-
ments can be defined as the output error expressed by 

ˆ−= −1e BK F u   (3) 

where û  denotes the m  measured degrees of free-
dom and B  is an m n×  Boolean matrix that ex-
tracts the measured response û  from the complete 
displacement vector u. The algorithm for the damage 
detection is to minimize the output error of Eq. (3). 

Assuming that the mass of the structure is un-
changed under the damaged state, the damage should 
be only evaluated by the flexural rigidity of the struc-
ture. Expressing the variation in the stiffness matrix 
by an amount δK , the equilibrium equation of the 
damaged structure can be expressed as 

( ) *δ= + =* *K u K K u F  (4) 

where *K  and *u  denote the stiffness matrix and 
displacement vector at the damaged state, respec-
tively. Taking the first-order approximation of the 
displacement vector *u , it can be written by 

( ) ( )1 1 1δ δ− − − −= + ≈ −* 1u K K F K K KK F  (5) 

The displacement data at the measurement points 
are not complete to detect the damage. This study 

expands the measured deflection data to estimate the 
data at unmeasured locations. With the m  ( )m n<  
measuring displacements of the structure, it can be 
deduced that the damaged displacements must be 
larger than the displacements of the undamaged struc-
ture because the damage and the static behavior of the 
damaged structure is partially restricted by the meas-
ured displacements. It is investigated that the deflec-
tion difference between damaged and undamaged 
beams comes from the action of the additional force 
to be determined. Assuming the measured deflection 
data at the measurement points as static constraints to 
describe the damaged beam, the static deflection of 
the damaged beam is obtained from the static equilib-
rium equation of a constrained beam.  

The m constraints by the measured displacements 
are expressed as 

( )*
i icφ =u , 1, 2, ,i m=   (6) 

where '
ic s  are the measured displacements and Eq. 

(6) can be expressed in matrix form of  

=*Au c   (7) 

where A is an m n×  coefficient matrix and c is an 
1n×  vector. 

The static behavior of the damaged beam can be 
described by the constrained behavior to satisfy both 
the static equilibrium equation of the undamaged 
beam and the constraint equations. This study mini-
mized the change of the displacement vector at the 
undamaged and damaged states 

Minimize 
2*J = −R u u   (8) 

where R  is a weighting matrix. Although there are 
many approaches to minimize Eq. (8), most of them 
depend on numerical approaches with unknown mul-
tipliers. This study utilized the analytical method 
presented by Eun et al. [13] as shown in the Appendix. 
Using the structural stiffness K  as the weighting 
matrix R in Eq. (8)and minimizing the same form as 
Eq. (8), the analytical method is explicitly derived as 
follows: 

( ) ( )1/ 2 1/ 2 +− −= + = + −*u u δu u K AK c Au   (9) 

where ‘+’ is the Moore-Penrose generalized inverse 
and δu  denotes the displacement variation due to 
the damage. 

Premultiplying both sides of Eq. (9) by the stiffness 
matrix K, it yields 
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( ) ( )1/ 2 1/ 2 +−= + −*Ku Ku K AK c Au   (10)  

where the second term on the right-hand side denotes 
the additional force vector, cF , to be necessary for 
obtaining the same displacements at the measuring 
locations besides the initially applied force F. It indi-
cates that the damage is caused by the action of such 
unexpected force. Comparing Eqs. (5) and (9), the 
displacement variation δu  is defined as 

( ) ( ) ( )1 1/ 2 1/ 2δ δ
+− − −= − = −u K K u K AK c Au   (11)  

And the additional force vector to act at the meas-
uring points is calculated as 

( ) ( )1/ 2 1/ 2 +−= −cF K AK c Au   (12)  

If the structure is not damaged, the displacement 
variation δ = −*u u u  must be zero and the addi-
tional forces are not required. It can be observed that 
the additional force increases with the displacement 
difference −c Au  at the measuring points or with 
the increase in damaged displacements.  

From Eq. (9), the displacements and additional 
forces of the damaged structure should be derived as 

1( )δ− −= −* 1u u K K K F   (13a) 
( )δ −= −c 1F K K F   (13b) 

As indicated by Eqs. (13), the damaged displace-
ment vector *u and the additional force cF  increase 
with the deterioration of structural stiffness. That is, 
the damaged displacements are apparently related to 
the measuring locations, the damage location and 
degree. It can be expected that the damaged deflec-
tion can be properly described when the additional 
forces act at the measuring locations to yield the dis-
placement difference δu .  

Structures can be accurately modeled as discrete 
systems, and finite element analysis can be used to 
approximate the static behavior of the damaged and 
undamaged systems. The damage introduced into the 
flexural beam to be modeled as finite elements leads 
to local changes in the shape of displacement curva-
ture. Pandey et al. (1991) stated that once the dis-
placement shapes of a damaged and of the corre-
sponding undamaged structure are identified, the 
curvature at each location j on the structure is numeri-
cally obtained by a central difference approximation: 

1 1''
2

2j j j
j h

φ φ φ
φ + −− +

=  (14) 

where h is the distance between the measurement 
points j-1 and j+1.  

The damage is located at the location to exhibit the 
largest difference between the displacement curva-
tures of the damaged and undamaged structures as 
follows: 

'' '' ''
dφ φ φ∆ = −  (15) 

where dφ  and φ  denote the displacements of the 
damaged and of the undamaged structures, respec-
tively. The displacement curvature at damaged loca-
tions will abruptly increase due to the deterioration of 
flexural rigidity and the damages will be detected. 
The following section evaluates the validity of the 
proposed method through a comparison of the ex-
perimental and analytical results. 
 
3. Beam test and damage detection 

An experiment of simple cantilever beams under 
the loading arrangement shown in Fig. 2 was carried 
out to illustrate the proposed damage detection 
method. It was assumed that each beam for the ana-
lytical approach was modeled by using the finite ele-
ment method with 50 beam elements that its length is 
20mm. The beams were assumed as steel with an 
elastic modulus of 51.95 10 MPa× .  

Fifteen beam specimens were tested, and the test 
variables included the damage location and size. The 
specimens are summarized in Table 1 and Fig. 3. The 
experiment was made on 1m cantilever beams with a 
gross cross-section of 75mm 9mm×  and the damage 
section of 25mm 9mm× . The damage degree of the 
section was established as the 67% strength loss of 
the initial second moment of inertia. The damage of 
the beams was located at 200, 400, 600 and 800mm, 
respectively, from the fixed end, and they had a single 
damage or multiple damages. Specimens were also 
tested for evaluating the damage effects of the beams 
with multiple damages such that one damage is posi-
tioned at 200mm from the fixed end and the other is 

 

 
 
Fig. 2. Set-up of beam test (unit; mm). 
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Table 1. Specimens and measured displacements. 
 

Deflection (mm) 
Specimens 

x=720mm x=540mm x=360mm x=180mm
W/O D 21.98 13.55 6.72 2.00 
S200-3 24.17 14.97 7.35 2.05 
S400-3 23.04 14.03 6.73 1.97 
S600-3 21.82 13.19 6.41 1.83 
S800-3 22.54 13.91 6.88 2.03 
S200-20 25.44 15.82 7.72 1.99 
S400-20 23.66 14.40 6.77 2.01 
S600-20 22.03 13.31 6.47 1.84 
S800-20 22.44 13.89 6.83 2.03 

M2,400-3 24.78 15.19 7.27 2.04 
M2,600-3 24.98 15.38 7.52 2.04 
M2.800-3 24.10 14.84 7.22 1.93 
M2,400-20 26.60 16.27 7.60 1.95 
M2,600-20 26.39 16.26 7.97 2.01 
M2,800-20 25.49 15.81 7.67 1.94 

S 200–3 
|  |  | 
|  |  |

― |  | 
|  |

―――― |
 |
 |
―――――――

 
 

 
                                                    (a)  

       
(b) 

 
                                                    (c)                                                                                        (d) 

 
                                                    (e)                                                                                        (f) 

 
                                                    (g)                                                                                        (h) 
 
Fig. 3. Damage location and specimens (unit; mm); (a) W/O D, (b) S200-3, S200-20, (c) S400-3, S400-20, (d) S600-3, S600-20, 
(e) S800-3, S800-20, (f) M2,400-3, S2,400-20, (g) M2,600-3, M2,600-20, (h) M2,800-3, M2,800-20. 

damage size(3, 20mm) 

damage location from fixed end 
(200,400,600,800mm) 2,400 (200 and 400mm)

single (S) and multiple (M) damages 
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positioned at 400, 600 or 800mm, respectively. The 
beams were subjected to a concentrated force 97N  
at the free end and the corresponding deflections were 
measured by four LVDTs installed at locations of 180, 
360, 540 and 720mm, respectively, from the fixed 
end. 

The deflection data at four points measured by the 
LVDTs are listed in Table 1. Fig. 4 compares the 
deflections of the undamaged and damaged beams. 
One of analytical results indicates the deflection of 
the undamaged beam and the other is the one ob-
tained by the finite element model of the damaged 
beam. The plots represent that the test data do not 
absolutely correspond with the analytical results be-
cause of the inaccuracy in the finite element modeling. 
The measured and analytical data are unlikely to be 
equal due to measurement noise and model inadequa-
cies. Major problems arise because of the large num-

ber of degrees of freedom in the analytical model, the 
limited number of transducers used to measure the 
response of the structure, and modeling inaccuracies.  

Comparing Figs. 4(a) and (b), it is observed that the 
deflection of the damaged beam slightly increases due 
to the damage, and the deflection of the damaged 
beam decreases as the distance between the damage 
location and the fixed end increases. It is understood 
that the observation comes from the difference in the 
load-carrying capacity of the damaged beam. The 
load-carrying capacity of the beam is gradually dete-
riorated as the damage location approaches the fixed 
end. Fig. 4(c) exhibits that the deflection of damaged 
beam increases with the damage size due to the dif-
ference in the load-carrying capacity.  

Comparing Figs. 4(a) and (d) to represent the static 
behavior of the beams with a single damage and mul-
tiple damages, a little difference between two plots 

     
                                                    (a)                                                                                                    (b) 

 

     

                                                    (c)                                                                                                    (d) 

Fig. 4. Beam deflection; (a) S200-3, (b) S600-3, (c) S200-3 and S200-20, (d) M2,400-3. The diamond and solid line indicates the 
deflection data obtained from the experiment, the dashed line represents the analytical results obtained from finite element 
model, and the dotted line the deflection of the undamaged beam. 
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was observed. It means that the load-carrying capac-
ity of the damaged beam with the multiple damages 
largely depends on the damage that initially occurs 
from the fixed end.  

Figs. 5(a) and (b) compare the static behavior of the 
damaged beams according to the number of damage 

locations along the beam. The plots show that the 
beams with multiple damages lead to a slight increase 
in the deflection. It is also explained that the differ-
ence is due to the load-carrying capacity that the 
beams have. Comparing the maximum deflection of 
the beams, it is found that the deflection difference is 

 

   
                                                             (a)                                                                                    (b) 
 

Fig. 5. Comparison of beam deflection; (a) S200-3, M2,400-3, M2,600-3, (b) S200-20, M2,400-20, M2,600-20. 
 

    
                                                             (a)                                                                                    (b) 

    
                                                             (c)                                                                                    (d) 
 
Fig. 6. Displacement curvature of damaged beam; (a) S200-3, (b) S400-3, (c) S600-3, (d) M2,600-3, The dotted line indicates 
the results calculated from the proposed method with the measured displacements, and the solid line represents the displacement 
curvature of the damaged beam. 
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reduced as the second damage moves to the free end.  
From Figs. 4 and 5, it is recognized that it is impos-

sible to detect the damage location by the static de-
flection only. Despite local damage, it is recognized 
from Figs. 4 and 5 that the damage detection cannot 
be established by the deflection shape itself. For the 
damage detection, this study utilized the displacement 
curvature to be calculated by Eq. (14) from the de-
flection data determined by the proposed method. 
Neglecting the variation between the test data and the 
analytical results by the finite element model, Fig. 6 
compares the displacement curvature of the beams. 
The analytical curvature in the plots was obtained 
from the finite element model to utilize the real meas-
urement displacement data as the displacement con-
straints. By the plots, it is observed that the damage is 
detected by the displacement curvature calculated by 
the proposed method and identified by the locally dull 
increase in the shape of the displacement curvature in 
the neighbor of the damage location, although it ex-
hibits a different shape with the actual curvature. It 
can be concluded that the proposed method can effec-
tively detect the damage of the beams with a single 
damage and multiple damages based on the measured 
displacement data with the assumption of neglecting 
the variation between the test data and the analytical 
results.  
 

4. Conclusion 

Establishing the displacements measured at meas-
urement points of a damaged beam as displacement 
constraints and minimizing the displacement differ-
ence between undamaged and damaged beams, this 
study estimated the deflection at full set of finite ele-
ment degrees of freedom of the damaged beams. It 
was recognized that the damage detection cannot be 
established by the deflection shape itself. And utiliz-
ing the displacement curvature based on the calcu-
lated displacements, this study developed a static 
approach for the damage detection. Comparing the 
analytical results of damaged beam modeled by finite 
element and the experimental results on a simple can-
tilever beam test, the validity of the proposed method 
for damage detection was illustrated. It could be con-
cluded that the proposed method can effectively de-
tect the damage of the beams with a single damage 
and multiple damages based on the exact displace-
ment measurement with the assumption of neglecting 
the variation between the test data and the analytical 

results.  
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Appendix 

The equilibrium equation for unconstrained struc-
ture described by a displacement vector ˆ =u  

1 2ˆ ˆ ˆ T
nu u u⎡ ⎤⎣ ⎦  can be written as 

ˆ=F Ku   (A1) 

where F is the 1n×  nodal force vectors, and K is the 
n n×  positive definite stiffness matrix. Assume that 
the structure is subjected to m  displacement con-
straints  

( )i icφ =u , 1, 2,i m= .  (A2) 

or =Au b ,  (A3) 

where A is an m n×  matrix and u is an 1n×  actual 
displacement vector. The two displacement vectors 
exhibit different displacements due to the constraints.  

Defining the displacements at actual state as 
ˆ= + ∆u u u , the change of the potential energies can 

be written as 

( ) ( )

( )

1 ˆ ˆ
2

1ˆ ˆ ˆ ˆ
2

T

T T T

∆Π = + ∆ + ∆

− + ∆ − +

u u K u u

u u F u Ku u F
.  (A4) 

The equilibrium equation of the constrained system 
and the constraint equation can be modified as 

ˆ= + ∆F Ku K u   (A5) 
( )ˆ + ∆ =A u u b   (A6) 

Expressing the constraint force vector cF , Eq. 
(A5) is written as 

ˆ= + cF Ku F   (A7) 

For this derivation, Eq. (A6) is modified as 

ˆ∆ = −A u b Au .  (A8) 

In order to utilize Eq. (A8) into Eq. (A4), Eq. (A8) 

is modified as 
1/ 2 1/ 2 ˆ− ∆ = −AK K u b Au .  (A9) 

From the fundamental property of generalized in-
verse matrix and its solution*, the solution with re-
spect to ∆1/2K u  can be obtained as 

( ) ( )

( ) ( )
ˆ

+−

+− −

∆ = −

⎡ ⎤+ −⎢ ⎥⎣ ⎦

1/2 1/2

1/2 1/2

K u AK b Au

I AK AK y
,  (A10) 

where ‘+’ denotes the generalized inverse matrix and 
y is an arbitrary vector.  

Minimizing the variation of total energy with re-
spect to ∆u , it follows that 

( )1/ 2 ˆ 0∆Π = + ∆ − =
∆

K u u F
u

. (A11) 

Eq. (A11) can be rewritten as 

ˆ∆ = −1/2 1/2K u F K u .  (A12) 

From Eqs. (A10) and (A12), the following equation 
is obtained. 

( ) ( )

( ) ( )
ˆ

ˆ

+−

+− −

∆ = −

⎡ ⎤+ −⎢ ⎥⎣ ⎦
= −

1/2 1/2

1/2 1/2

1/2

K u AK b Au

I AK AK y

F K u

  (A13) 

Letting ( ) ( )+− −⎡ ⎤= −⎢ ⎥⎣ ⎦
1/2 1/2Q I AK AK , solving Eq. 

(A13) with respect to y, and the fundamental proper-
ties of generalized inverse matrix**, it follows that 

( ) ( )+− −= 1/2 1/2y AK AK z ,  (A14) 

where z is another arbitrary vector.  
Substitution of Eq. (A14) into Eq. (A13) and ar-

ranging the result, it follows that 

( ) ( )ˆ
+−∆ = −1/2 1/2K u AK b Au   (A15) 

                                                           
* The general solution of =Ax b , where A is m n×  ma-
trix, x and b are 1n×  and 1m×  vectors, respectively, 
can be written as 

+ +⎡ ⎤= + −⎣ ⎦x A b I A A d , 
where I is n n×  identity matrix and d is 1n×  arbitrary 
vector.  
**

( ) ( ) ( ) ( )+ + +− − − −=1/2 1/2 1/2 1/2AK AK AK AK , ( )++ −⎡= −⎢⎣
1/2Q I AK , 

( ) +
− ⎤ =⎦

1/2AK Q , + =Q Q Q  
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and premultiplying both sides of Eq. (A15) by 1/2K , 
the constraint force is obtained as 

( ) ( )ˆ
+−= ∆ = −c 1/2 1/2F K u K AK b Au . (A16) 

Substituting Eq. (A16) into Eq. (A7), the equilib- 

rium equation of constrained structure is derived as 

( ) ( )ˆ ˆ
+−= + −1/2 1/2F Ku K AK b Au  (A17) 

or ( ) ( )ˆ ˆ
+− −= + −1/2 1/2u u K AK b Au .  (A18) 
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