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Abstract 
 
The influence of a magnetic field on the skin friction factor of steady fully-developed laminar flow through a pipe was studied experi-

mentally. A mathematical model was introduced and a finite difference scheme used to solve the governing equations in terms of vortic-
ity-stream function. The model predictions agree favourably with experimental results. It is observed that the pressure drop varies in 
proportion to the square of the product of the magnetic field and the sine of the magnetic field angle. Also, the pressure drop is propor-
tional to the flow rate. This situation is similar to what applies in the absence of a magnetic field. It is found that a transverse magnetic 
field changes the axial velocity profile from the parabolic to a relatively flat shape. At first, the radial velocity rises more rapidly and then 
gradually decreases along the pipe until falling to zero. A numerical correlation can be written for the considerable distance required for 
the new axial velocity profile to establish. Owing to the changes taking place in the axial velocity profile, it exhibits a higher skin friction 
factor. The new axial velocity profile asymptotically approaches its limit as the Hartmann number becomes large.  
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1. Introduction 

There has been considerable interest in studying flow char-
acteristics of electrically-conducting fluids because of its 
many practical applications such as in electronic components, 
chemical processing equipment, high-temperature plasmas, 
cooling of nuclear reactors, liquid metal fluids, MHD accel-
erators, and power generation systems. In the long history of 
the study of an electrically-conducting fluid flow, a great deal 
of effort has been made to understand the interaction between 
a magnetic field and fluid flow characteristics. The effect of a 
transverse magnetic field on the structure of a turbulent flow 
was examined by Gardner and Lykoudis [1, 2]. They reported 
that the turbulence intensity decreased to a laminar level over 
a broad range of Reynolds numbers and magnetic fields. The 
effect of Magnetic field on steady laminar flow of a Newto-
nian fluid over a vertical flat plate was studied numerically by 
Rashad [3]. The flat plate embedded in a porous media in the 
presence of thermophoresis particle deposition effect. Fur-
thermore, the steady laminar boundary-layer flow past a 
wedge immersed in an incompressible micropolar fluid was 
investigated theoretically by Ishak et al. [4]. A variable mag-
netic field applied normal to the walls of the wedge. They 

observed a reduction in the velocity boundary-layer thickness 
as the strength of wall-normal magnetic field became large. 
Damseh et al. [5] considered the problem over a horizontal 
plate and reported that increasing the magnetic influence 
number increases the skin friction factor. Abd-el-Malek and 
Helal [6] solved the problem of an unsteady laminar flow 
under the effect of a magnetic field normal to the plate. Refer-
ring to the numerical results, they observed that the velocity 
boundary-layer thickness becomes smaller for the increase in 
the magnetic influence number. Sivasankaran and Ho [7] in-
vestigated numerically the effect of magnetic field on flow in 
a rectangular enclosure. Recently, Abdelkhalek [8] investi-
gated this problem using a perturbation technique and reported 
that the imposed magnetic field diminishes the wall shear. The 
properties of human blood as well as blood vessels and the 
magnetic field effect were the subjects of interest for several 
researchers [9-12]. Very recently, Tashtoush and Magableh 
[13] considered numerically the influence of a magnetic field 
on the fluid flow characteristics of blood flow in multi-
stenosis arteries and reported an increase in the skin friction 
factor. The present work aims to investigate the problem in a 
pipe. Here, a complete analysis of flow through a pipe is dis-
cussed in the entry region and the fully-developed region. Pipe 
flow is considered due to its practical applications. Full Na-
vier-Stokes equations in cylindrical coordinates are introduced 
and solved using the vorticity stream function approach. Ob-
viously, the inclusion of the magnetic field angle as an inde-
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pendent variable in the governing partial differential equations 
increases the complexity of the problem. This problem is con-
sidered in the present study. There has been no experimental 
study that confirms the correctness of the numerical results. 
Thus, a series of experiments is carried out to determine the 
influence of a magnetic field in a pipe for laminar flow. 
 

2. Experimental apparatus 

Fig. 1(a) shows a schematic view of the present experimen-
tal system. A potassium hydroxide (KOH) 30 wt% water solu-
tion is used in this experiment because of low electrical con-
ductivity of pure water. The KOH water solution flow is in-
troduced into the horizontal pipe test section by mechanical 
pump. 

Fig. 1(b) shows the details of the test section. The test sec-
tion of this loop is made of a 3.5 m long copper pipe with an 
inner diameter of 19, 23, or 35 mm. A series of constant mag-
netic fields is applied for 1.5 m along the pipe. Two pressure 
probes having a diameter of 10 mm are fixed at two holes of 
uniform diameter along the length of the pipe. The location of 

probes is shown in Fig. 1(b). The effect of magnetic field on 
the probes is negligible because the sheathed probes used in 
this test section are insulated. However, the measured pressure 
difference was stable when the magnetic field was constant. 
There is a pressure measuring scanner connected to the pres-
sure probes whose outputs are recorded in a personal com-
puter. 

The KOH water solution properties at 35(°C) are mentioned 
in Table 1. The KOH water solution flow rate is measured by 
means of a rotameter. The rotameter is calibrated with the 
KOH water solution by means of weighting for a given period 
of time. The Reynolds number based on bulk velocity and 
pipe diameter is set to 1000, 1500, and 2000 for seven Hart-
mann numbers; Ha = 0, 2.5, 5, 7.5, 10, 12.5, and 15. The bulk 
velocity is calculated by the flow rate and the cross section of 
the pipe. 

As can be expected in the entrance of the Magnetizing sec-
tion an entry length Lm is required in which the effect of mag-
netic field is stabled. More detailed discussion about the influ-
ence of all governing parameters on this new entry length will 
be presented later. 
 

3. Mathematical model 

If we apply a magnetic field on an electrically conducting 
fluid, an electromagnetic force will be produced due to the 
interaction of current with the magnetic field. The electromo-
tive force generated by a magnetic field is known to be pro-
portional to the speed of motion and the magnetic flux inten-
sity B. The current density J is defined as: 

 
J (E V B)σ= + ×   (1) 

 
where σ denotes the electrical conductivity, E is the electrical 
field intensity and V is the velocity vector. The electromag-
netic force Fm to be included in the momentum equation is: 

 
F J B (V B) Bm σ= × = × × .  (2) 

 
It is also assumed that the uniform magnetic field B = Bxex + 

Brer of constant magnitude B= (Bx
2+Br

2)1/2 is applied, where ex 
and er are unit vectors in cylindrical coordinates. The orienta-
tion of the magnetic field forms an angle Ԅ with the horizontal 
axis (the flow direction) such that tan Ԅ = Br / Bx. 

The following assumptions are taken for this study. The 
density and viscosity of the fluid are constant. The Flow is 
two-dimensional, laminar and incompressible. Under the 
above assumptions the continuity and Navier-Stokes equations 
may be written as follows: 

 

0v v u
r r x
∂ ∂+ + =
∂ ∂

  (3) 

 
Table 1. The properties of 30 wt% KOH water solution. 
 

  T=35 (˚C) 
Density 

Dynamic viscosity 
ρ (kg/m3) 
µ (kg/ms) 

1279 
0.00152 

Electrical conductivity σ (1/Ω*m) 75.2 
 

 
Fig. 1. Experimental set-up: (a) Overall view and (b) Details of test 
section. 
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where u and v are the velocity components in the x and r di-
rections, respectively. The following non-dimensional pa-
rameters are used: 
 

ˆ, , , , 2
0 0 0

x r u v pX r U V P
R R u u uρ

= = = = =  

 
After nondimensionalization, the governing equations can 

be rewritten as: 
 

0
ˆ ˆ

V V U
r r X

∂ ∂
+ + =

∂ ∂
  (6) 

2 22 1( )2 2ˆ ˆ ˆRe ˆ
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  (7) 
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  (8) 

 
where Ha = BR (σ/µ)1/2 denotes the Hartmann number and 
Re=ρu0D/µ , is the Reynolds number.  

From Eqs. (7) and (8), the vorticity equation takes the form:  
 

2 22 1( )2 2 2ˆ ˆ ˆ ˆRe ˆ ˆ
22 2 2sin cos ( ) (sin cos ) .

ˆ ˆRe

V U V
r X r r rX r r

Ha U V U V
X r r X

ω ω ω ω ω ω ω

φ φ φ φ

∂ ∂ ∂ ∂ ∂
+ − = + + −

∂ ∂ ∂∂ ∂

∂ ∂ ∂ ∂⎡ ⎤+ − + −⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

 (9)  

 
The equation for stream function is as follows: 

 
2 212 ˆ

2 2ˆ ˆ ˆ
E r

r rX r

ψ ψ ψψ ω∂ ∂ ∂
= − + = −

∂∂ ∂
.  (10)  

 
The corresponding boundary conditions can be written as:  

 
4ˆ2 2ˆ ˆ ˆ0 : , 2(1 ), 0, 4
2

2 1: 0, 0, 0, ( )2 ˆ ˆ ˆ

rX r U r V r

U VX
X X r r rX

ψ ω

ψ ψω

= = − = − = =

∂ ∂ ∂ ∂ ∂
→∞ = = = = −

∂ ∂ ∂ ∂∂

 

ˆ 0 : 0, 0, 0, 0
ˆ

2
ˆ 1: 0, 0, 0, .2ˆ

Ur V
r

r U V
X r

ψ ω

ψ ψω

∂
= = = = =

∂

∂ ∂
= = = = = −

∂ ∂

 

 
The velocity components using the stream function are cal-

culated from the following: 
 

1 1,
ˆ ˆ ˆ

U V
r r r X

ψ ψ∂ ∂
= = −

∂ ∂
.  (11) 

 
Eqs. (9)-(11) represent a system of coupled and non-linear 

partial differential equations which are solved numerically 
under the boundary conditions using the finite difference ap-
proximations. Finite difference equations relating the variables 
are obtained by writing the equations at the mid point of the 
computational cell and then replacing the different terms by 
their second order central difference approximations. It is 
observed from the grid independence test that a 100 × 4000 
uniformly spaced grid is enough to investigate the problem. 
Smaller step sizes do not show any significant changes in the 
results. The resulting algebraic equation for vorticity is solved 
using iterative method whereas Successive Over Relaxation 
(SOR) method is used to solve the equation for the stream 
function. Relaxation is designed to enhance convergence. 
Thus, having calculated the vorticity values at iteration k+1, 
using their respective solutions given at k (k = 0 corresponds 
to the initial guesses), the stream function is solved at this 
advanced step. The resulting stream function values are then 
used to determine the velocity components and the boundary 
values of the vorticity. Then, the sequence beginning with the 
solution of the vorticity equation is applied and repeated until 
the desired accuracy of results is obtained. Five-decimal accu-
racy is employed as the criterion for convergence. 

Once the flow field of the fluid is calculated, the skin fric-
tion factor Cf is obtained from the following relation: 

 
( ) 4 ( ) ˆ 12 ˆRe0.5 0

u r Ur RC f rru

µ

ρ

∂ ∂ ∂== − = − =∂
. (12)  

 

4. Results and discussion  

Fig. 2 shows the variation of the skin friction factor against 
the magnetic field influence for steady MHD fully-developed 
laminar flow of an electrically conducting fluid through a pipe. 
In the experimental work, a series of constant magnetic fields 
in parallel and perpendicular to the flow direction was applied 
and no significant effect on the pressure drop was observed 
when the flow direction and the direction of magnetic field 
were parallel to each other. The following equation shows 
how to calculate the skin friction factor using experimental 
data when the direction of magnetic field is perpendicular to 
the flow direction. 
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where p1 – p2 is the pressure difference between x = x1 and x = 
x2 as shown in Fig. 1(b).The model predictions agree favoura-
bly with experimental results. As shown in Fig. 2, the influ-
ence of magnetic field can be diminished by reducing the an-
gle between the flow direction and the direction of magnetic 
field. 

It is found that Cf  is inversely proportional to Re1 because 
Cf Re is independent of Re. this situation is similar to what 
happens in the absence of a magnetic field. It is observed that 
the skin friction factor rises almost linearly with the magnetic 
field. Thus, the skin friction factor increases with an increase 
in the magnetic field which in turn increases the pressure drop 
and pumping power. 

Fig. 3 shows the dimensionless pressure gradient through 
the pipe for steady MHD fully-developed laminar flow. Be-
cause Re (-dP/dX) is independent of Re, the pressure drop is 

proportional to the flow rate. This situation is similar to what 
applies in the absence of a magnetic field. It is also observed 
that the pressure drop varies in proportion to the square of the 
product of the magnetic field and the sine of the magnetic 
field angle. 

Fig. 4 shows the difference in skin friction factor between 
Ha = 0 and Ha = 5, 10 at Re = 1000 and Ԅ = 90°. The hori-
zontal axis is the dimensionless distance from the starting 
point of applying the magnetic field. It is logical to suppose 
that the magnetic force acts as a resistive drag force. This 
force is directly proportional to the velocity. In both laminar 
and turbulent flow the velocity is zero at the wall and has a 
maximum value at the centre-line and hence the resistive drag 
force is zero at the pipe wall and increases to a maximum at 
the centre. This non-uniform force distribution reduces the 
axial flow velocity of the central stream of the pipe. The axial 
flow velocity near the pipe wall will increase because the fluid 
flows to the region close to the pipe wall in order to keep uni-
form mass flow. Thus, an increase in the velocity gradient 

 
 
Fig. 2. Skin friction factor against magnetic field influence for MHD 
fully-developed laminar pipe flow. 
 

 
 
Fig. 3. Dimensionless pressure gradient against Magnetic field influ-
ence for MHD fully-developed laminar pipe flow. 

 
 
Fig. 4. skin friction factor along pipe for different values of Ha at Re = 
1000 and Ԅ = 90°. 
 
 

 
 
Fig. 5. Dimensionless axial velocity profile for different values of X at
Re = 1000, Ha = 10, and Ԅ = 90°. 
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occurs at the pipe wall which in turn raises the shear stress at 
the pipe wall and hence produces an increase in the skin fric-
tion factor. The axial flow velocity of the central stream of the 
pipe gradually reduces in the direction of flow and the skin 
friction factor increases until a new fully-developed velocity 
profile is established. Once established, the velocity profile 
remains constant and so the skin friction factor reaches its 
maximum. 

Fig. 5 shows that the magnetic field changes the axial veloc-
ity profile from the parabolic to a relatively flat shape. The 
flow is fully-developed at the starting point of applying the 
magnetic field (X = 0). As the dimensionless distance becomes 
larger, the velocity profile changes until the new fully-
developed velocity profile is obtained (X = 15). The new ve-
locity profile, namely the MHD fully-developed velocity pro-
file, is much flatter over most of the diameter and remains 
unchanged until the fluid reaches the region where the mag-
netic field ends. For this profile, the velocity of the fluid is 
zero at the pipe wall but rises as the distance from the pipe 
wall increases and eventually approaches the velocity of the 

bulk of the stream. 
Fig. 6 shows the dimensionless radial velocity profile which 

is zero at the pipe wall but rises as the distance from the pipe 
wall increases and finally approaches zero again at the centre-
line. At first, the radial velocity rises more rapidly and then 
gradually decreases along the pipe until falling to zero (X = 
15). Beyond this point, the flow will be again one-dimensional 
and the MHD fully-developed velocity profile will dominate. 

It is to be noted that in case the magnetic field is removed, 
the velocity profile starts to change until the MHD fully-
developed profile is replaced by the fully-developed profile. 

However, a considerable distance is required for the veloc-
ity profile to adjust from the fully-developed to the MHD 
fully-developed pattern when a constant magnetic field is 
applied. The region where the velocity profile is gradually 
adjusted is called as MHD entry length. For fully-developed 
laminar flow of an electrically conducting fluid through a pipe, 
the MHD entry length Lm can be obtained numerically over a 
wide range of Reynolds numbers at different values of mag-
netic fields when the direction of magnetic field is perpendicu-

 
 
Fig. 6. Dimensionless radial velocity profile for different values of X at
Re = 1000, Ha = 10, and Ԅ = 90°. 

 

 
 
Fig. 7. Dimensionless MHD entry length for the velocity profile to
adjust from the fully-developed to the MHD fully-developed pattern. 

 
 
Fig. 8. Dimensionless MHD fully-developed velocity profile for
different values of Ԅ at Re = 1000 and Ha = 10. 
 

 
 
Fig. 9. Dimensionless MHD fully-developed velocity profile for differ-
ent values of Ha at Re = 1000 and Ԅ = 90°. 
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lar or parallel to the flow direction or at some angle in be-
tween. 

The results are summarized in a plot of Lm/D against Re/ 
(Ha sinԄ) on ordinary Cartesian coordinates as shown in Fig. 
7. The plot is a straight line of slope 0.075 and therefore an 
approximate numerical expression for the MHD entry length 
is found as: 

 
Re0 075
sin

Lm .
D Ha φ

= . (14) 

 
Fig. 8 shows the difference in dimensionless MHD fully-

developed velocity profile between Ԅ = 0° and Ԅ = 45°, 90° at 
Re =1000 and Ha = 10. When Ԅ = 90°, the velocity profile is 
flatter than the other two angles of the magnetic field. It is also 
shown that when Ԅ = 0°, the velocity profile is parabolic. This 
situation is identical to what occurs in the absence of a mag-
netic field. A similar result was found in the experimental 
work for the pressure drop and the friction factor. Thus, a 
magnetic field has no effect on fluid flow characteristics while 
the direction of magnetic field is parallel to the flow direction. 

The different in dimensionless MHD fully-developed veloc-
ity profile at Re = 1000 and Ԅ = 90° is shown in Fig. 9 as the 
value of magnetic field is changed. The MHD fully-developed 
velocity profile becomes flatter with an increase in the value 
of Hartmann number which in turn increases the velocity gra-
dient at the pipe wall and hence produces an increase in the 
skin friction factor. 

The value of Reynolds number has no effect on the dimen-
sionless MHD fully-developed velocity profile as shown in 
Fig. 10. This is valid both in the presence and in the absence 
of a magnetic field because Re (-dP/dX) is independent of Re 
both in the presence and in the absence of a magnetic field. 
Although the plots corresponding to Re = 500 and Re = 1000, 
1500 are all identical to each other in Fig. 10, their MHD entry 
lengths are significantly different because the MHD entry 
length is proportional to the Reynolds number and inversely 
proportional to the product of the Hartmann number and the 
sine of the magnetic field angle (Eq. 14). 

Fig. 11 shows that further increase of the magnetic field in-
fluence has no considerable effect on the centre-line axial 
velocity when the Hartmann number exceeds a certain value. 
Beyond the value (Ha sinԄሻ ؄ 10, all MHD fully-developed 
velocity profiles are very close to each other. In fact, the MHD 
fully-developed velocity profile asymptotically approaches its 
limit as the Hartmann number becomes larger.  
 

5. Conclusions 

In the experimental work, it is observed that the skin friction 
factor rises almost linearly with the magnetic field when a 
steady fully-developed laminar flow is subjected to a series of 
transverse magnetic fields. The present numerical results are 
in good agreement with the experimental work. The present 
model is able to predict the flow characteristics of an electri-
cally conducting fluid through a pipe in the presence of a 
magnetic field. It is shown that the pressure drop varies in 
proportion to the square of the product of the magnetic field 
and the sine of the magnetic field angle. Also, the pressure 
drop is proportional to the flow rate. This situation is similar to 
what applies in the absence of a magnetic field. No significant 
effect on fluid flow characteristics is observed when the flow 
direction and the direction of magnetic field are parallel to 
each other. The velocity profile starts to change until the ful-
ly–developed profile is replaced by a MHD fully-developed 
profile as a transverse magnetic field is applied. The MHD 
fully-developed profile is much flatter over most of the diame-
ter and remains unchanged until the fluid reaches the region 
where the magnetic field ends. At first, the radial velocity rises 
more rapidly and then gradually decreases along the pipe until 
falling to zero. A new entry length is required for the velocity 
profile to adjust from the fully-developed to the MHD fully-
developed pattern. A correlation formula is given for the new 
entry length as a function of Hartmann number, sin of the 
magnetic field angle, Reynolds number, and the pipe diameter. 
It is also found that the value of Reynolds number has no ef-

 
 
Fig. 10. Dimensionless MHD fully-developed velocity profile for 
different values of Re at Ha = 10 and Ԅ = 90°. 
 

 
 
Fig. 11. Dimensionless centre-line axial velocity against magnetic field
influence for different values of Re. 
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fect on the dimensionless MHD fully-developed velocity pro-
file. The MHD fully-developed velocity profile becomes flat-
ter with an increase in the value of Hartmann number and 
asymptotically approaches its limit.  
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Nomenclature------------------------------------------------------------------------ 

B  :  Magnetic field intensity, T  
Cf  :  Skin friction factor 
D  :  Pipe diameter, m 
E :  Electric field intensity, V/m 
Fm  :  Electromagnetic force, kg/m2s2 

Ha :  Hartmann number 
J  :  Current density, Amp/m2  
L  :  Length of the pipe between x = x1 and x = x2 as  
   shown in Fig. 1b, m 
Lm  :  MHD entry Length, m 
p  :  Pressure, pa  
R  :  Pipe radius, m 
Re  :  Reynolds number 
u  :  Axial velocity, m/s 
U :  Dimensionless axial velocity 
u0 :  Average velocity at inlet, m/s 
v  :  Radial component of velocity, m/s  
V  :  Dimensionless radial velocity 
V  :  Velocity vector. , m/s  
x  :  Axial coordinate, m  
r  :  Radial coordinate, m 
X, r̂   :  Dimensionless coordinates 
Ԅ  :  Direction of the magnetic field 
µ :  Dynamic viscosity, kg/ms 
ρ  :  Density, kg/m3 

σ  :  Electrical conductivity, 1/Ωm  
ω  :  Vorticity 
ψ   :  Stream function 
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