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Abstract 
 
This paper examines the influence of negative work on energy required for the flapping wing flight of birds, or other flapping wing an-

imals or vehicles. Because negative energy is typically required by muscles or actuators to produce negative work, it must be accounted 
for when determining the most efficient flapping configuration. The present work provides a simple theoretical analysis for determining 
the influence of negative work by introducing a simple actuator/muscle model, which specifies the amount of input energy required to 
produce negative or positive work. The influence of aerodynamic, structural, and inertial forces are treated in the study. The aerodynamic 
forces are modeled using unsteady thin airfoil theory, which is appropriate for the relatively high aspect ratio wings of most birds. The 
influence of springs on a flapping system are discussed, and theoretical approach to determine the spring stiffness required to minimize 
negative work is presented. The developed analysis is applied to a Pigeon and a Pied Flycatcher. It is found that the flight speed requiring 
minimum muscle energy is dependent upon the energy cost of negative work. 
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1. Introduction 

With the help of recent rapid progress on the development 
of light-weight and small-size actuators, Micro Aerial Vehi-
cles (MAV) that are mimicking insects or birds have been 
developed or under construction. Birdlike flapping MAVs 
may have a number of advantages in terms of range or endur-
ance compared to insect mimicking MAVs.  

Azuma [1] reviewed the aerodynamics of wing beatings 
based on the theoretical and experimental data published in 
the literature. Extensive reviews on flapping foils and their 
applications to the development of aerial or marine vehicles 
were also given by Rozhdestvensky and Ryzhov [2] and Ho et 
al. [3], respectively. Various aspects of fixed and flapping 
wing aerodynamics for MAV applications are well introduced 
in Ref. [4].  

With the increasing practicality of computational fluid dy-
namics, the progress has been made on the revealing the se-
crets of insect or bird flight. However, computational fluid 
dynamics study using the Navier-Stokes equations requires 
huge computing time and costs. Based on advanced flow vi-
sualization technology with a high-speed camera, a digital 
particle image velocimetry is used to analyze the flow struc-

ture around the live animals or model robots. The experimen-
tal study requires a model that can represent complete geome-
try and kinematics of live birds, which also results in a large 
amount of time and costs. Thus, the research on the aerody-
namics of bird wings is mostly based on the theoretical or 
simple numerical results. 

Philips et al. [5] used a simple lifting-line approach in their 
aerodynamic analysis of bird flight. They separated the wake 
region as two parts: a near wake region traced out most nas-
cently vorticity by the wings, and a far wake region where the 
vorticity evolves with stretching and dissipation mechanism. 
Liu [6] compared the flapping-wing and fixed-wing flyers 
using a scale analysis. He also developed a time-area-averaged 
momentum stream tube model for analysis of flapping flight 
[7]. Numerical studies considering the complete geometry and 
kinematics of live birds are rarely found in the literature. Re-
cently, Liu et al. [8] reported the geometry and kinematics of 
several avian wings including seagull’s. Han [9] numerically 
implemented the geometry of the seagull wing and its kine-
matics based on the Liu et al.’s data [8]. He reported that the 
effect of the combination of flapping, folding, and lead&lag. 

The energy required by the muscles of birds is in many 
ways analogous to the actuators of an artificial flapping-wing 
flight vehicle. One important similarity is that in both cases 
the energy input required by a muscle or actuator to produce 
positive (where a force opposes the motion) and negative 
work (where a force acts in the same direction as the motion) 
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is different. The energy required by actuators or muscles to 
drive the flapping motion of a wing was treated in the previ-
ous literatures for the analysis of animal flight or swimming 
[10-13] as well as the design of a flapping-wing flight vehicle 
[14-17]. Brooks et al. [18] applied a series arrangement for a 
flapping pterosaur model and showed that this resulted in a 
large reduction in the actuator current required for flapping. 
Bennett et al. [19] studied the muscles in the tails of whales 
and found that the muscles were in series with elastic tissue. 
They attempted to show that this configuration minimized the 
negative work required by the muscles, but found that it actu-
ally did not. Blickhan and Cheng [20] revisited the study of 
Bennett et al. [19] and found that the elastic tissues did in fact 
reduce the amount of negative work required by the muscles. 
They used an unsteady vortex lattice method to model the 
aerodynamics and showed that Bennett’s simplified quasi-
steady aerodynamic model was insufficient. Pennycuick [21] 
studied the elastic properties of feather shafts in birds and 
showed that they were capable of acting as an efficient spring. 
It was not made clear whether this was a parallel or series 
arrangement. Weis-Fogh [22] studied the elastic properties of 
insect cuticles, which acted as springs in the hinges of insect 
wings. Because the spring was at the hinge, it was a parallel 
configuration. Weis-Fogh [23] later concluded from an energy 
analysis, which considered only the positive work, that these 
elastic mechanisms must be present for insect flight to be pos-
sible. In another similar study, Weis-Fogh [11] discussed the 
possible benefits of elastic elements in hummingbirds, but 
mentioned that no such system was found upon dissecting a 
hummingbird. Furthermore, it was mentioned that no elastic 
system has been found by any researcher in any bird. Of 
course, as was mentioned previously, Pennycuick [21] later 
found a type of elastic mechanism, although the effectiveness 
of this mechanism was not confirmed.  

Most of previous researches have focused on single disci-
pline such as aerodynamics or structural dynamics. However, 
the development of the feasible flapping MAVs with out-
standing flight performance requires more than the single 
disciplines alone. It needs the integration of several disciplines 
including at least aerodynamics, structure, and inertia models. 
However, an integrated research considering aerodynamics, 
structure, and inertia models has not much shown in the pub-
lished literature. Computational methods that can solve the 
problems that include aerodynamics, structure, and inertia 
models is still under development and hard to use for the prac-
tical applications. Due to the unsteadiness of the problem, 
simultaneously measuring the small aerodynamic forces hid-
den in the large inertial forces are not easy. Thus, in this paper, 
the influence of negative work on the optimal flapping con-
figuration of a flapping wing flight vehicle is evaluated by 
developing a simplified actuator/muscle model. The integrated 
aerodynamic, structural, and inertial models are derived for 
the optimal spring stiffness for minimum negative work. Pre-
sent analysis is applied to a three-dimensional flapping wing 
vehicle. 

 
2. Theory  

2.1 Actuator/Muscle energy model 

Fig. 1 shows one way of allocating the total required actua-
tor power (Pout) for a general flapping wing. To obtain the 
quantity Pinput, the knowledge of the actuator energetics and 
actuator placement is required. For the current study, which is 
intended to investigate the fundamentals of the actuator energy 
required for flapping wing flight, a general model of the actua-
tor energetics is proposed. For the present model, if Pout ≥0, 
meaning positive work is required, then Pinput= Pout, while if 
Pout<0, meaning negative work is required, then Pinput = η|Pout|. 
In these relationships, η is a constant ranging from -1 to 1 
depending on the actuator. A separate efficiency could be 
defined for positive values of Pout (so that 100% actuator effi-
ciency is not assumed), although this implies just multiplying 
Winput by a constant (since η will change accordingly).  

Fig. 2 illustrates the above relationships for three key values 
of η. For η = 1, the actuator requires the same power input to 
produce negative values of Pout as it does to produce positive 
values. Recall that positive Pout values indicate that the actua-
tor motion is resisted by the external forces while negative 
values indicate that the external forces act in the direction of 
actuator motion. For η = 0, the actuator requires no power 
input and allows no power to be extracted while producing 
negative values of Pout. This case is the most consistent with 
feedback controlled pneumatic [24] and hydraulic actuators 
[25], which require only the controlled release of pressurized 
fluid to produce negative power. The neglecting of negative 

 
Fig. 1. The distribution of the provided actuator power for a general 
configuration. 

 

 
 
Fig. 2. The relationship between Pout, the required rate of actuator 
work, and Pinput, the rate of actuator energy, for the proposed general 
actuator model. 
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work values has also been considered for the energy-cost 
analysis of insect flight [23] and human muscles [26]. The η = 
-1 case allows the actuator to store the incoming energy asso-
ciated with negative values of Pout to be used later to produce 
positive Pout values with 100% conversion efficiency. This 
value of η allows Winput to be negative and zero for certain 
cases. Negative values of η are possible for piezo-electric ac-
tuators due to their electro-magnetic coupling [27].  

Throughout the present study, the power and work will be 
written in terms of the non-dimensional power coefficient, 
Cp=P/qUc, and work coefficient, Cw=W/qc2, where q is the 
dynamic pressure, W is the work, U is the free stream velocity, 
and c is the airfoil chord length. Also used throughout this 
study are the reduced frequency, /k c Uω= , and nondimen-
sional time, /Ut cτ = , where ω  is the frequency of the flap-
ping motion. 

From the general actuator model of Fig. 2, the equation for 
the total required actuator energy input can be written as  

 
, , ,W input W out W outC C Cη+ −= +   (1) 

 
where CW,out+ and CW,out- are the absolute values of the positive 
and negative components of CW,out. These components are 
shown for a single flapping cycle in Fig. 3, where in this case 
CW,out+ is equal to the sum of CW,A and CW,C while CW,out- is 
equal to the sum of CW,B and CW,D. The average value of 

,P inputC  is defined as , , / 2P input W inputC C k π= , which will be 
used for efficiency calculations.  
 
2.2 Flapping wing energetics 

The present aerodynamic model is based on two dimen-
sional unsteady thin airfoil theory. In this model, pure flapping 
motion is represented by a heaving motion, meaning the air-
foil section is moving vertically up and down. The airfoil mo-
tion is represented by the parameter β, which is written as 

( )0 cos kβ β β τ= + , where 0β  is the steady angle-of-attack 
and β is the amplitude of the oscillating motion.  

From thin airfoil theory [28,29], the aerodynamic power co-
efficient, CP,aero, is written as  

( ) ( ) ( ) ( ) ( )
( ) ( )

,

2
1 2

0 3

( )

cos sin sin

sin

P aeroC

k k k k k

k k

τ

β τ τ τ

β β τ

=

⎡ ⎤Φ + Φ⎣ ⎦

+ Φ

  (2) 

 
where the Φ terms are defined as ( )1 ,k θΦ =  

( )22 / 4k k Gπ + , ( ) 2
2 , 2k k Fθ πΦ = , ( )3 2 kθ πΦ = . The F 

and G functions in these equations are the real and imaginary 
parts of the well known Theodorsen function [30]. The aver-
age value of CP,aero over one cycle is written as 

( )2
, 2 / 2P aeroC kβ= Φ . Similarly, the average drag coefficient 

over one cycle is written as ( )2 2 2 2
dC k F Gπ β= − + . Com-

bining these two equations, the aerodynamic efficiency is 
written as ( )2 2

,/ /aero d P aeroC C F G Fκ = − = − + , while the 
actuator efficiency is written as ,/input d P inputC Cκ = − , which 
requires the evaluation of total actuator input energy, ,P inputC . 

To determine the total actuator input energy ( ,P inputC ), the 
structural and inertial power components shown in Fig. 1 must 
also be known. The power to overcome the inertial forces will 
be written as  
 

( ) ( )2 3
, ( ) cos sinP inert IC K k k kτ β τ τ=   (3) 

 
where 2/I aK m cρ=  and ma is the mass per-unit-length of 
the airfoil in the spanwise direction. The power required to 
overcome the structural forces will be simplified as the power 
required to overcome a spring connected to the flapping de-
vice. There are two different arrangements possible for a sin-
gle actuator and spring: parallel and series. These are shown in 
Fig. 4, where βactuator is the actuator output displacement and β 
is the resulting airfoil displacement. For the parallel arrange-
ment, βactuator and β are the same while for the series arrange-
ment they are added together. Conversely, for the series ar-
rangement, the force acting at βactuator and β is the same while 
for the parallel arrangement they are added together.  

For the present analysis, a parallel spring arrangement will 
be considered. A similar discussion for the series arrangement 
is presented by Blickhan and Cheng [20]. For a given reduced 
frequency, the parallel and series arrangements may be de-
signed to give the same optimal performance. The difference 
between the two comes in their off-design operation. Gener-
ally, the series arrangement is significantly better in off-design 
conditions. For the parallel arrangement, the required power 
can be written as  

 
 
Fig. 3. Example of terms in Eq. (1) for a single flapping cycle. 

β

βactuator βactuator

β

Parallel Series
 
Fig. 4. Illustration of a spring and actuator in parallel and in series. 
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( ) ( ), ( ) cos sinP spring S sC K k k kτ β τ β β τ⎡ ⎤= − −⎣ ⎦   (4) 

 
where sβ  is the value of β at which the spring produces no 
force and KS is nondimensional spring stiffness per-unit length, 
which is defined as /SK X q= , where X is the dimensional 
spring stiffness per-unit length (N/m2) and q is the dynamic 
pressure. 

 
2.3 Influence of springs on optimal flapping 

Combining Eqs. (2), (3), and (4), the total output power re-
quired by the actuator to maintain the prescribed flapping 
motion is written as  

 
( ) ( )

( )
, ( ) / 2 cos 2 / 2 sin 2 / 2

sin

P outC A A k B k

C k

τ τ τ

τ

= − +

+
,  (5) 

 
where 2

2A β= Φ , ( )2 3
1 I SB K k K kβ= Φ + − , and C = 0(β  

3 )S sK kβ βΦ + . The average value of CP,out is equal to A/2, 
which is the same as ,P aeroC , meaning the spring and inertia 
do not contribute. Eq. (5) shows that CP,out will be positive for 
every value of τ if B and C are zero and 2Φ  is positive. From 
Eq. (2), it is seen that 2Φ is always positive (since F is always 
positive). If KS and sβ  are free design variables, then from 
Eq. (5) they can be chosen to make B and C equal to zero. 
This leads to the following: 

 
2

, 1

0 3
, 3

1

/

.

S opt I

S opt
I

K k K k

K k
ββ

= Φ +

Φ
= −

Φ +

  (6) 

 
Because KS,opt is a nondimensional coefficient, it makes things 
more clear if Xopt is written instead, which results in 

 

( )3 2
1 /( ) ( ) / 2.opt IX U c K cρ ω ω= Φ +   (7) 

 
For a given design condition, which is defined by ω and U 

separately (i.e. not just k ), Xopt and ,S optβ  may be chosen 
from Eqs. (6) and (7), therefore resulting in Eq. (5) reducing to 

( ), ( ) / 2 cos 2 / 2P outC A A kτ τ= − . Assuming Xopt and ,S optβ  
cannot be varied during flight, it is important to know what 
range of ω and U values that the spring system remains bene-
ficial compared to having no spring. A simplified case of prac-
tical significance considers the range of U values for a fixed ω 
and a Sβ  that is always optimal, or 0β  and Sβ may be 
considered zero (meaning C is always zero). From Eq. (5), the 
value of B for the case of no spring is written as: 

( )( )32
0 1( , ) /IB U K c Uβ ω ω= Φ + . At the design value of U 

(Udes), the design value of X (Xdes) is obtained from Eq. (7) and 
the corresponding B is equal to zero. At an off-design value of 
U defined as off desU U U= + ∆ , which corresponds to the 
following value of B: 

( )

3

1
2

2

( , )

2

des I
des

off
des

des

cU U K
U U

B
X

U U

ωω
β

ω

ρ

⎛ ⎞⎛ ⎞⎜ ⎟Φ + ∆ + ⎜ ⎟
⎜ ⎟+ ∆⎝ ⎠= ⎜ ⎟
⎜ ⎟−⎜ ⎟+ ∆⎝ ⎠

  (8) 

 
For the spring to be beneficial, the inequality 
0 ( ) ( )des off desB U U B U U+ ∆ > + ∆  must be satisfied, which 

leads to the following equation: 
 

( )

3

12
20 ( , ) .des

des I
desdes

X cU U K
U UU U

ω ωω
ρ

⎛ ⎞
< < Φ +∆ + ⎜ ⎟

+∆+∆ ⎝ ⎠
 (9) 

 
The lower limit indicates that ∆U may become as large 

(positive) as desired and the spring will remain beneficial. To 
study the upper limit of Eq. (9) (small ∆U or large k ), it is 
necessary to substitute 1Φ  from Eq. (2) into Eq. (9), which 
results in the following: 

 

( )

2 3

2
20 2des

I
des desdes

X c cF K
U U U UU U

ω ω ωπ
ρ

⎛ ⎞ ⎛ ⎞
< < +⎜ ⎟ ⎜ ⎟

+ ∆ + ∆+ ∆ ⎝ ⎠ ⎝ ⎠

  (10) 
 

where F is a function of ω and U. Considering the large k  
case, F may be approximated in terms of k as 

( )2 40.5 1 1/ 2 ( )F k O k−= + +  [31]. Substituting this into Eq. 
(10) and considering the right inequality, the following equa-
tion is obtained after some algebra, which may be solved for 
the lower (negative) limit of ∆U:  
 

( ) ( )( )( )

( )

3 2

3

/ 2 2 /

0.

des des des

I

U U c X U U

c K

π π ω ω ρ

ω

+ ∆ + − + ∆

+ =
 (11) 

 
In summary, ∆U may be as large and positive as desired for 

the spring designed for Udes to be beneficial over the no spring 
case, but beyond the negative ∆U found from Eq. (11), the 
system requires more energy than if there was no spring. 

 
2.4 Flapping wing flight performance  

This section will investigate the actuator input energy re-
quired by a full flapping wing vehicle using the theoretical 
developments of the previous sections. There has been a sig-
nificant amount of past research to determine the energy re-
quired for flapping flight (a review is presented by Shyy et al. 
[32]), although nearly all of it has been concerned with deter-
mining the output energy required by actuators or muscles 
instead of the input energy required. Because the role of nega-
tive work could be large, the required output energy required 
by actuators does not provide sufficient guidance towards an 
energy efficient flapping device.  

Fig. 5 shows the front view of a half-span, where the dark 
line is the wing surface and s is the wing half-span. The ampli-
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tude of the total flapping motion is defined by σ  and the 
instantaneous flap angle measured from the y-axis is defined 
as ( ) ( )cos / 2kσ τ σ τ= . We will treat the airfoil section at 
the span location s/2 as the representative section for the half 
span. To apply the heaving airfoil equations to this section, the 
maximum arc-length measured from the y-axis is β, which 
is written as ( ) ( )cos / 4s k cβ τ σ τ= , which implies that 

sβ σ= / 4c .  
Fig. 6 shows the side view of a half-span, which shows that 

the flapping axis is assumed to remain parallel to the free-
stream velocity.  

The steady-state lift for the configuration is assumed to be 
produced by the angle of attack (α0) of the wings relative to 
the flapping axis. The difference between the flapping axis 
being at an angle of attack and the wings relative to the flap-
ping axis being at an angle of attack is not large if σ is less 
than 45 degrees. The normal force coefficient of the entire 
wing is written as  
 

( )0 02NC w unsteadytermsπ α= − +   (12) 
 
where the three-dimensional downwash correction used by 
DeLaurier [33] is defined as 0 02 /(2 )w ARα= + , and AR is 
the wing aspect ratio. To obtain the average lift coefficient for 
one cycle of oscillation, the following equation is used  
 

( )
2 /

0

cos
2

k

L N
kC C d

π

σ τ
π

= ∫   (13) 

 
which from Eq. (12) and the above definition of σ  results in 
 

( )0 0
22 / 2 1

2LC J
AR

πα σ ⎛ ⎞= −⎜ ⎟+⎝ ⎠
  (14) 

 
where J0 is a zeroth order Bessel function of the first kind.  

For steady level flight, the average lift must balance the 
weight of the aircraft, which is expressed in the following 
equation 
 

0LqSC mg− =   (15) 
 
where S is the wing area, m is the aircraft mass, and g is grav-
ity. Also, for steady flight the thrust must equal the drag, 
which is expressed as  
 

( )
2

, ,2
( ) 0
4

L
d pro d par d

qSC qS C C qSC
e qsπ

+ + + =   (16) 

 
where the first term is the induced drag, the second term is the 
profile drag, the third term is the parasite drag, and the fourth 
term is the unsteady drag (or thrust) component presented in 
the discussion of Eq. (2). The profile and parasite drag terms 
are discussed by Pennycuick [10], Tucker [34] and Rayner 
[12,13] in the context of bird flight. Although the present 
analysis is not specific to bird flight, the value for Cd,pro given 
by Rayner and the expression for Cd,par given by Tucker [34] 
will be used:  
 

,

3 2 / 3
,

0.02

3.34 10 /
d pro

d par

C

C m S−

=

= ×
,  (17) 

 
where m is in kg and S is in m2. For a given aircraft mass (m), 
wing area (S), half-span (s), and dynamic pressure (q), the 
thrust due to flapping (- dC ) must equal the combination of 
induced, parasite, and profile drag. From Eq. (16), this results 
in the following required value of dC   
 

( )
2

, , ,2 2
( ) .

4d req d pro d par
mgC C C

Se q sπ
= − − +   (18) 

 
From the equation presented in the discussion of Eq. (2), the 

average drag due to flapping produced by a given σ  and k  
is written as 

 
( )22 2 2/ 4dC k s c F Gπ σ ⎡ ⎤= − +⎣ ⎦ ,  (19) 

 
which must be negative to indicate thrust. The components of 
the Theodorsen function, F and G, in Eq. (19) are incorrect for 
finite aspect ratio wings. Jones [35] presented aspect ratio 
corrections and DeLaurier [33] presented a simplified form of 
Jones’s equations, which are written as follows: 
 

( ) ( ) ( )

( ) ( ) ( )

2
1

2 2
2

1 2
2 2

2

1
2 4 / 4

2 2 / 4

AR C kF k
AR k C

AR C C kG k
AR k C

⎛ ⎞
⎜ ⎟= −
⎜ ⎟+ +⎝ ⎠

⎛ ⎞
⎜ ⎟= −
⎜ ⎟+ +⎝ ⎠

  (20) 

 
where 1 0.5 /(2.32 )C AR AR= +  and 2 0.181 0.772 /C AR= + .  

s

s/2

y

z

σ
_ σ(τ)

 
 
Fig. 5. Front view of a half-span of the flapping wing. 

 

z
α0U

flapping axis

wing
surface

x  
 
Fig. 6. Side view of a half-span of the flapping wing. 
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Equating Eq. (19) with Eq. (18) and assuming U and ω are 
given, the required flapping amplitude is found to equal  
 

( )

2
3 2 / 3

2 2

2 2 2

( ) 0.02 3.34 10 /
4 .

mg m S
c e q Sb
s k F G

πσ
π

−+ + ×
=

+
  (21) 

 
Substituting this into the equation for ,P aeroC  presented with 
Eq. (2), the average aerodynamic power for one cycle is writ-
ten as  
 

2
3 2/3

, 2 2 2 2
( ) 0.02 3.34 10 / .

4P aero
mg FC m S

Se q s F Gπ
−⎛ ⎞

= + + ×⎜ ⎟⎜ ⎟ +⎝ ⎠
 (22) 

 
Note that this equation is just the average required thrust di-
vided by the aerodynamic efficiency: , /d req aeroC κ− . Also, this 
equation is independent of the spanwise location of the chosen 
representative airfoil section.  

With σ  known from Eq. (21), the required angle of attack 
(α0) is determined by combining Eqs. (14) and (15), which 
results in 

 

( )
1

0 0
22 / 2 1 .

2
mg qSJ

AR
α π σ

−
⎡ ⎤⎛ ⎞= −⎜ ⎟⎢ ⎥+⎝ ⎠⎣ ⎦

  (23) 

This is the last term required to calculate ,P outC  from Eq. (5) 
for a given aircraft configuration (AR, S, s, m, ma), flight speed 
(U), and flapping frequency (ω). The average actuator input 
power ( ,P inputC ) is determined numerically by separating the 
positive and negative components of ,P outC , as shown in Fig. 
3. Note that ,P inputC  is dependent upon α0, which represents 
the steady lift component, whereas ,P outC  is not. In the case 
of swimming flapping wing propulsion, the value for m in the 
above analysis is set to zero. Also, the parasite and profile 
drag coefficients in Eq. (17) must be changed to account for 
the fluid being water instead of air. 
 

3. Results and discussion 

3.1 Efficiency of heaving motion with no spring or inertial 
forces 

Results for the total efficiency (κinput) of a heaving airfoil 
with no spring or inertia forces are shown in Figs. 7 and 8. In 
Fig. 7, the effect of negative work is seen to greatly reduce the 
efficiency for large values of reduced frequency. The cases 
shown in this figure have no constant lift component ( 0β =0).  

As stated earlier in Eq. 2, the η = -1 case allows the actuator 
to store the incoming energy associated with negative values 
of Pout to be used later to produce positive Pout values with 
100% conversion efficiency. However, in the current simula-
tion, the airfoil has no spring forces. Thus, the energy conver-
sion is incomplete, which results in the augmentation of the 
required energy. As the frequency increases, the incomplete 
energy conversion or lack of spring deteriorates the efficiency 
more significantly. 

Fig. 8 shows the effect of 0β  being nonzero, where in 
these cases 0β  represents a constant angle of attack (α0). For 
small values of reduced frequency, the difference in the effi-
ciency with η= 1 is seen to be large. For large values of re-
duced frequency, the different values of α0 converge to the 
zero lift case shown in Fig. 8. 

 
3.2 Flapping wing flight performance analysis 

The theory developed for the flapping wing is applied to 
two flapping wing cases: a Pigeon and a Pied Flycatcher, 
which have been studied previously by Pennycuick [10], 
Rayner [13], and Phlips et al. [5]. Phlips et al. [5] presents a 
comparison of the three studies. These past studies only calcu-
lated the average aerodynamic power ( ,P aeroC ), therefore ig-
noring the difference in the energy cost of positive and nega-
tive muscular work. The present analysis will calculate the 
average input power ( ,P inputC ) to the flapping actuators. From 
Weis-Fogh’s [11] statement that there are no elastic mecha-
nisms in the wing of a bird, no spring will be present in our 
analysis. The inertia will also be ignored, which has been as-
sumed negligible in past studies. To be consistent with the 
comparison presented by Phlips et al. [5], the results are pre-
sented in terms of the dimensional average power, which for 
the three-dimensional wing is defined as ,input P inputP qUSC= .  

 
 
Fig. 7. The efficiency of propulsion for a heaving airfoil (no inertia or 
spring components). 

 

 
 
Fig. 8. The efficiency (no inertia or spring components) for different α0

values. 
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Figs. 9 and 10 present the defining parameters for each bird 
as well as the power curves resulting from the present method. 
Recall that for the η =-1 case, , ,P input P aeroC C= , which should 
therefore be in closest agreement with the curves presented by 
Phlips et al. [5]. This is the case, and the present method with 
η = -1 predicts a minimum power of nearly equal magnitude 
at about the same flight speed as the past studies. For the η 
equal to zero and one cases, the required power is noticeably 
increased at low flight speeds. This means that there is a sig-
nificant amount of negative power required during the flap-
ping cycle. An important consequence of this is seen to be the 
change in the minimum power flight speed, which is marked 
by an X in both figures. For both birds, the minimum power 
flight speed increases as η increases. The reason for the large 
amount of negative power at low flight speeds, which corre-
spond to large values of α0, is apparent from Fig. 8. If a spring 
was added to this system with a SK  and Sβ  determined 
from Eq. (6), the η equal to zero and one curves would reduce 
to the η= -1 curve. Thus, a significant reduction in the re-
quired power would be obtained. Note that adding an inertia 
term to this case would increase the amount of negative 
power; meaning a spring would be even more beneficial. The 
importance of springs in flapping wing flight is not often men-
tioned in the literature. 

The curve labeled “100% flapping efficiency” in Figs. 9 and 
10 represents the required thrust from Eq. (18) multiplied by 
the velocity. This power would be required from the engine of 
a fixed wing aircraft of the same size and mass. Thus, there is 
an apparent penalty for flapping wing propulsion. It could be 
argued that a fixed wing aircraft would require a larger mass 
to account for an engine, and therefore this penalty would not 
be present. Woods et al. [36] compared the power require-
ments of flapping wings, rotary wings, and fixed wings for 
micro air vehicles. For a 50 g vehicle, flapping wings were 
shown to require less power in a range of flight velocities 
between 3 and 10 m/s. Spedding and Lissaman [37] also dis-
cussed the power requirements for small flapping or fixed 
wing vehicles. They found that flapping and rotary wings have 
similar power requirements. Thus, it can be decided that the 
flapping MAV requires less power than the fixed-wing MAV 
at the low-speed range less than 10 m/s.  
 

4. Conclusions 

The theory for determining the influence of aerodynamic, 
structural, and inertial forces on the negative work for flapping 
motions of bird is derived by introducing a simple actua-
tor/muscle model. The aerodynamic forces are modeled using 
unsteady thin airfoil theory. The influence of springs on a 
flapping system are discussed, and theoretical approach to 
determine the spring stiffness required to minimize negative 
work is presented.  

From the derived theory, it is found that the negative work 
does not affect the power requirement when the spring and 
inertial forces are relatively smaller than the aerodynamic load. 
It is also found that, in case of the airfoil with no spring forces, 
the incomplete energy conversion increases the total required 
energy at high frequency region.  

The developed analysis is applied to a Pigeon and a Pied 
Flycatcher. It is found that the flapping MAV requires less 
power than the fixed-wing MAV at the low-speed range less 
than 10 m/s. The flight speed requiring minimum muscle en-
ergy is dependent upon the energy cost of negative work. 

It is believed that present results can be used for the valida-
tion of the numerical methods and the derived theory can also 
be applied to the design of the flapping wing MAV. 
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