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Abstract

Choosing the right strain gage for a measurement application requires selecting gages with the right characteristics for the job. In gen-
eral, the strain gage is to be used to measure the strain at the center of the gage, but it inherently underestimates the peak strain when it is
mounted in high stress gradient areas. This paper concerns itself with the averaging effects of a strain gage along gage filaments. The
approach is unconventional in dealing with the orientation and size of the gage. The results provide insight into the averaging effect and
selecting gages for measuring strains in areas of steep strain gradients. Dimensionless curves which can be used to estimate errors as well
as enhance hole-drilling method results are presented. Practical recommendations are made for selecting gages for high strain gradient

measurements.
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1. Introduction

For members of complex shapes subjected to loads, it may
be mathematically impractical or impossible to derive analyti-
cal load-stress relations. Thus, experimental or numerical me-
thods are used to obtain results. An experimental analysis of
component stresses is desired, either as an absolute determina-
tion of actual stresses or as validation for a numerical model
that will be used for subsequent analysis. Several experimental
methods are used, with the most common being the use of
strain gages. The electrical resistance strain gage is the most
frequently used device in stress analysis work. These gages
are relatively inexpensive, reasonably durable, easy to mount
on a surface, and are the most versatile means of measuring
strain at a given point.

The strain gage is not meant to be used to measure strain
other than at the center of the gage. Thus, error is introduced
when the gage is used to measure strain at discontinuities such
as holes, notches, and crack tips--areas of steep strain gradi-
ents. This error is due to the fact that the center strain underes-
timates the peak strain and is not an accurate representation of
the stress field. In the field of fracture mechanics, some re-
searchers use the gage reading as the strain at the center of the
gage to determine the mode one stress intensity factor (Kj).
Therefore, the literature is inconclusive regarding the location,

TThis paper was recommended for publication in revised form by Associate Editor
Jooho Choi
“Corresponding author. Tel.: +1 260 481 6887, Fax.: +1 260 481 6281
E-mail address: younis@engr.ipfw.edu
© KSME & Springer 2011

size, and orientation of the gage. For example, Dally and San-
ford developed a method that utilizes strain gages for deter-
mining K; [1]. An overdeterministic approach was developed
for measuring X; using data from three 10-element strip strain
gages with some accuracy [2]. The error generated in K; due to
placement errors in positioning and orienting the single gage
was determined [3, 4]. It was concluded that the deviation in
the orientation angle of the strain gage is the dominant source
of the error. A technique for determining the stress intensity
factor using strain gages was developed in which the location
of the strain gage relative to the crack tip was chosen through
parametric study of the asymptotic fields [5]. In 2010, Sarangi
et al. [6] proposed a finite element based method for determin-
ing the limiting radial distance of placing the strain gage in the
vicinity of a crack tip.

Recently, the effect of strain gradient was mentioned or ig-
nored by researchers in the field. To assure accuracy of deter-
mining structural gage sensitivity, Zhang et al. chose locations
for the strain gage rosettes with a small strain gradient [7]. The
hole-drilling method is the most common technique for meas-
uring residual stresses in various materials and structures [8].
It utilizes strain gages around a circular hole. The practical
disadvantage of this is that the strains measured are average
values in the range of the length of the strain gage [9]. The
correction of errors introduced by hole eccentricity has been
proposed by Barsanescu and Carlescu [10]. In 2009, the per-
formance of three dimensional strain gages embedded into a
sphere was evaluated [11]. In the case of a high strain gradient,
the calculated strain tensor is subject to errors and this prob-
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lem can be overcome by embedding the gages in a sphere at a
specified orientation relative to the center of the sphere.

The subject of error in a strain measurement system using a
metal-foil sensing grid is complex, as documented by many
researchers in the field. For example, Pople listed the human
factor errors and error sources in strain gage measurement
[12]. Perry presented an extensive report that examined sev-
eral fundamental properties of the strain gage that are involved
in measurement accuracy [13]. These properties are the gage
factor, reinforcement effects, transverse sensitivity, thermal
effects, and area averaging effect of a square gage. The theo-
retical errors caused by thermal effects and gage factor data
given by the manufacturers were studied by Cappa [14]. Zubin
[15] carried out a theoretical error investigation of calibration
beams used for the determination of the gage factor. In 2005, a
computer simulation of strain gage thermal effect errors dur-
ing residual stress hole drilling measurements was carried out
and is presented in reference [16]. In 2006, Robinson dis-
cussed the fact that stress analysis engineers are probably no
more aware of the background regarding some aspects of the
gages than is the average person [17].

In the present study, a detailed analysis of the strain averag-
ing characteristic of the strain gage is presented. For more
accurate error analysis, the averaging approach is over the
resistive filaments since they cover only a portion of the
gage’s area. A classical plate with a circular hole subjected to
uniaxial loading is used as a vehicle for examining the effects
of misalignment, length, width, and number of filaments on
the average strain experienced by the gage. The analysis
shows that the output of the strain gage is influenced by the
number of filaments.

2. Theory

The strain gage is a type of electrical resistor. Most com-
monly, strain gages are thin metal-foil grids that are bonded to
the surface of a machine part or a structural member. When
forces are applied to the member, the gage elongates or con-
tracts with the member, creating normal strains. The change in
length of the gage alters its electrical resistance. By measuring
the unbalanced voltage in Wheatstone bridge due to the
change of electrical resistance of the wire, the gage can be
calibrated to directly read values of normal strain.

Since the gage is of finite length, the change in resistance is
due to the average strain along the gage and not the center
strain in general. If the strain along the gage is constant or

linear, the average strain is the same as that of the center strain.

However, for a stress concentration problem, the average
strain will differ from the center strain. When the strain gradi-
ent is large, the average strain is lower than the true strain at a
given point. Therefore, the indicated strain will be in error of
the true strain. The thin plastic backing is an integral part of
basic gage construction. However, conformance to measure
peak strain in the vicinity of stress concentration will be re-
duced.

Each gage consists of a fine metal grid that is stretched or
shortened when the object is strained at the area where the
gage is attached. The grid is equivalent to a continuous wire
that goes back and forth from one end of the grid to the other,
therefore effectively increasing its length. The grid of bonded
foil gage, shown in Fig. 1(a), is the major source of error in-
troduced by the strain gage when it is used to measure strain at
the edge of the hole. The electrical resistance strain gage
measures the average strain of each filament and the indicated
strain is the average of the filaments strains. Using the points
shown in Fig. 1 (a), the indicated strain is:

_faptécp tEpr téoH (1)
Findicated = number of filaments

One of the most important problems in the design of plate
structures is to determine the stress concentration due to the
presence of holes and other discontinuities. The approach can
be extended to other discontinuities by changing the stress
field equations. The classical Kirsch [18] solution for the
stresses around a circular hole in a large plate with normal
stress oy applied at infinity in the Y-direction, as shown in Fig.
1(a), is given by:
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Fig. 1. Definition of the strain gage geometry.
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In the end, the strain averaging of the gage is computed by
integrating the strains along the gage filaments, for which the
strain in the Y-direction is needed along each filament. This
requires converting the stresses in the 7-6 coordinate system to
ones in the X-Y coordinate system. Upon applying the stan-
dard stress transformation equations, the stresses at point P
can be found by:

oy =0, cos 0, + 09 sin’ 0, + 27,9 c080, sin b, (3a)

oy =0, sin’ 0, + 09 cos’ 0, + 27,4 C080, sin b, (3b)

or, due to #’=X*+Y* and c9gfnan’1 (Y/X),
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Note that the X and Y-coordinates have been normalized
against the hole’s radius; i.e., x=X/a, y=Y/a, and F2=x2+ y2 .
The distribution of o/ is plotted as a function of position
along the x-axis for various values of y in Fig. 2(a). An exami-
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Fig. 2. Distribution of (a) /oy and (b) o;/0y along the x-axis around
the hole’s boundary for 1=0.3.

nation of this figure clearly indicates that the transverse stress
is zero at the edge of the hole (x=1) and varies in different
patterns as y increases from 0 to 0.5. Thus, there is no area to
mount the gage on that will represent the average o;. A perfect
gage installation would be at x=1 when the gage filaments are
perpendicular to the x-axis. To account for the expertise of the
user (tilting the gage), the distributions at x less than 1 are
plotted. With the hole center at the origin, the variation of
o,/oy of Eq. (4b) in the x direction at y=0, 0.1, 0.2, 0.3, 0.4,
and 0.5 is plotted in Fig. 2(b). Examining the stress curves,
one can see that the slopes change not only in magnitude, but
also in sign, from negative to positive and vice versa.

Stress is a mathematical abstraction, and it cannot be meas-
ured. Strains, on the other hand, can be measured directly
through well-established experimental procedures such as
strain gages. Once the strains in a component have been
measured, the corresponding stresses can be calculated using
stress-strain relationships such as the generalized Hook’s law.
However, in this study, the strains need to be calculated utiliz-
ing stress equations. The stress-strain relations for a two-
dimensional state of stress are:

1 1

&y = E(O'x - Vay) &y = E(O'y - VO'X) (5a)
T T

7xy=%=2(1+v)% (Sb)

Shown in Fig. 3 is the distribution of g, in the first quadrant
of the x-y plane for o,/E=1 and v=0.3. It can be seen that the
maximum value is 3 at x=1 and y=0, which is well known as
the maximum stress concentration factor o;/oy for the present
case. Note also that, although not clearly shown in the graph,
g=v at x=1 and y=0 since o,/o;=1 and &,=0 at that point.
The results show that the average strain does not equal the
strain at the gage center.

The gage filament covers only a portion of its area as shown

Fig. 3. g in the first quadrant of the x-y plane for oy/E=1 1=0.3.
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in Fig. 1(a). This fact needs to be accounted for in the analysis
of errors due to strain gage placement. The strain averaging of
the gage is modeled by integrating the strains along the fila-
ments placed near the hole. Consider a strain gage placed near
the hole edge as shown in Fig. 1(a). For computational pur-
poses, it is advantageous to compare the size and location of
the gage to the hole radius a, hence the gage parameters are
normalized against the radius of the hole. It is assumed that
the edge of the gage (or the first filament) is at distance
x=X/a from the edge of the hole, and the vertical center of
the gage is displaced from the lateral axis of the hole by
y~=Y/a. The width of the gage is w=W/a and the length is
l=L/a. 1t is also assumed that the filaments are evenly spaced
across the width. Then, the average strain experienced by a
strain gage with » filaments placed in the y-direction can be
determined from

& =—
avg
nlg =yl 2

1 2 eyl /2
[ e (©)

where the &, denotes the strain in the K™ filament that can be
found by

gy(l+xc,y) forn=1
ey (x,3) = - forn>2
o (X, 3) . (1+XC+(k l)w’y) orn
Y n-1 and (k =1,2,--,< n)

™)

The integral in Eq. (6) can be readily evaluated using vari-
ous numerical integration algorithms. In addition, it can be
noticed that the continuous average strain £,,, (i.e., the av-
erage strain taken over the gage’s grid area) corresponds to the

average strain when #n=o; i.e.,

) 1 [Vetle/2 plbx +w
lim &, = —J‘ '[ &y, (x, y)dxdy ®)
n—»0 l

Eavg =
g
gV yr—lg/z I+x,

Note that the above &,,, is equivalent to the average strain
used by Perry [13] to address the averaging effect of strain
gage size.

Another important factor that accounts for a significant
measurement error of strain gage is the angular misalignment
of the strain gage. For a strain gage misaligned by an angle o
as shown in Fig. 1(b), the actual reading of normal strains in
the x and )’ directions can be found by transforming the
strains defined in the x and y coordinates according to

£y =& cos’a+ &y sin? o + VxycOS@sina (9a)

o ain2 2 ~
£y =é&csin”a+é,c08” a—y,, cosasing (9b)

The average strain experienced by a strain gage with # fila-
ments placed in the y'-direction can be found from

| Iwg/z
£y =— & pd 10
avg nlg ; y(,—lg/Z Yk ( )

The average strain becomes a function of six variables: i.e.,

Euvg :f(ng,xc,yc,a’n) (11)

3. Results and discussion

It is assumed that no shear lag occurs across the adhesive
line, thus the strain felt by each gage filament is the same as
the strain in the plate directly below it. The strain is averaged
over each filament length. The gages consist of a grid of very
fine wire or foil. Therefore, it is assumed that the strain does
not vary across an individual filament and the strains at the
midline of the filaments are used in the averaging process. The
filaments are evenly spaced across the width. There are at
least 8 filaments in a general purpose strain gages-linear pat-
tern. Although the case in which n=1 or 2 is for semiconductor
gages, it is considered here in order to examine the results of
reducing the number of resistive filaments.

In stress analysis applications, it is important to examine po-
tential error sources prior to taking data. Egs. (6) - (10) pro-
vide a theoretical framework for evaluating the influences of
each of the 6 parameters considered in this study. Several
examples are presented to illustrate the magnitudes of error
that are possible. The percent error e is defined with respect to
the actual strain to be measured (&,,) at x=1 and y=0 such that
e= (1-6ue/8:)x100 [%)] and is used for the following case
studies. Note that g, is the same as the maximum normal
strain for the plate considered in these examples.

Case I: In the first case the gage length is held constant
while the gage width is varied. Both x. and y, are zero. The
error analysis is very conservative because the matrix width is
greater than the grid width. Active grid length does not in-
clude end loops or tabs. Fig. 4 shows the variation of the aver-
aging strain with w for different numbers of filaments. Addi-
tional filaments further away from the hole increase the error
for a given width gage. A single filament at the hole’s edge
gives an error of 7.24%. It is important to note that these error
curves are for the same model, i.e. the same hole, material,
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Fig. 4. Effect of gage’s width (w=W/a) on error for /,=0.5 and x.=y.=0.
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and applied load, yet the strain is a function of the gage width
and the number of filaments. For w=0.5, the difference in er-
rors between n=2 and n=10 is 6% while the difference in er-
rors between #n=2 and n=10 for w=1 is 11.7%. One can con-
clude that the spacing between the filaments of a strain gage
contributes to the error in measuring the strain. However, as
an example for n=2, the difference in errors between w=0.5
and w=1 is 4.4%. Thus, the number of filaments is the domi-
nant factor in the assessment of the error in strain gage meas-
urements at regions of stress concentration. As a rule of thumb,
the gage size should be very small compared to the hole size.
However, small strain gages tend to exhibit degraded per-
formance in terms of the maximum allowable elongation, the
stability under static strain, and the endurance when subjected
to alternating cyclic strain [8].

Case 2: In this case, the gage width is kept constant (w=0.5)
and the gage length /, is varied. Larger gages are more resis-
tant to localized temperature and strain effects and are easier
to handle due to their larger size. The minimum percent error
versus the gage length for different numbers of filaments is
shown in Fig. 5. It is clear that the average strain is a function
of the gage length including the gage with a single filament.
However, for a given load, the strain at the edge of the hole is
constant. The difference in errors between a single filament
and two filaments is large for the same /,. The results show
that the difference in errors between n=2 and n=10 is 6% for
[;=0.5, however it is 7% between [,=0.5 and /=1 for n=2.
Therefore, both gage length and the number of filaments
should be considered in the assessment of the error of the av-
erage strain in regions of high strain gradient. The user can
select the smallest practicable gage length, but needs to be
aware of the greatly increased error and uncertainty in the
indicated strains due to the nature of the gage and instrumenta-
tions. It is worth noting that using relatively large strain gages
enhance the accuracy of measuring strain at a high strain gra-
dient [19].

Case 3: In this case, both the gage length (/,=0.5) and width
(w=0.5) are held constant while the horizontal distance from
the hole’s edge to the first filament is varied. This is due to the
inherent gage manufacturing process and human-dependant
error source. The metal-foil strain gage is the most frequently
employed gage for both general-purpose stress analysis and
transducer applications. The grids are very fragile and easy to
distort, wrinkle, or tear. For this reason, foil gages are gener-
ally mounted on a thin epoxy carrier or paper or sandwiched
(encapsulated) between two thin sheets of epoxy; this im-
proves the temperature range, fatigue life, and chemical me-
chanical protection of the sensing grid. The dimensions of the
matrix (sheets) are larger than that of the sensing grid. Hence,
obtaining x,=0 in engineering practice is very difficult. The
results are shown in Fig. 6. The difference in errors between
n=2 and n=10 for x,=0 is 6%. However, for n=2, the differ-
ence in errors between x,=0 and x,=0.5 is 27.4%. This clearly
shows that the predominant factor in the error of the average
strain is the inherent lateral gap of the gage. The results sug-
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Fig. 6. Effect of gage’s lateral misalignment (x.=X./a) on error for
w=0.5 and /,=0.5.

gest the manufacturing of special use strain gages — stress
gradient. The results also indicate that the number of filaments
contributes significantly to the error of the strain measured at a
stress concentration area.

Case 4: This case deals with the misplacement of the strain
gage, which is a typical human-dependant error. The distance
between the hole’s x-axis and the gage’s horizontal center line
is ¥.. The carrier dimensions are designed for the optimum
function of the strain gage and are larger than the sensing fi-
laments. Thus, obtaining y,=0 in most practical situations is
very difficult even for an experienced operator with consider-
able skill and agility. Fig. 7 shows the strain averaging effect
versus y. for w=[,=0.5. The results show that the number of
filaments and gage mispositioning contribute to the error of
the average strain. For example, the percent difference of the
average strain between #»=2 and n=10 for perfect gage align-
ment (y=0) is 6%. The difference of the average strain be-
tween a properly aligned gage and a gage displaced from the
x-axis of the hole by y,=0.3 is 9.5% for n=2. Another common
human-dependent error in strain measurement is the angular
misalignment of the gage, as depicted in Fig. 1(b). It is exam-
ined by varying the tilt angle & measured with respect to the x-
axis of the hole while holding x,=0.05 and y.=0. Results from
Eq. (10), illustrated for =0-20° in Fig. 8, indicate that the
angular misalignment of the strain gage is another substantial
source of strain measurement error.

From the results obtained, the error of measuring the strain
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Fig. 7. Effect of gage’s vertical misalignment (y=Y./a) on error for
w=0.5 and /,=0.5.
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Fig. 8. Effect of gage’s angular misalignment (&) on error for x.~0.05,
y=0, w=0.5, and /,= 0.5.

at the edge of a hole using strain gages can be clearly shown
in Figs. 4-8. Each curve on the graphs represents the strain
experienced by the gage for a given number of filaments. As
the number of filaments changes, the strain also changes. The
strain in the vicinity of a hole is constant under a fixed applied
load, but the strain gage results depend on the number of fila-
ments. This shows that there is an error in the strain gage
measurement and that the number of filaments has a large
influence on the average strain near an area of stress concen-
tration. Therefore, the strain at the center of the gage underes-
timates the actual strain.

4. Summary and Conclusions

To select the proper stain gage, pattern and size, the averag-
ing effect error of the gage is analyzed. Four cases were inves-
tigated for which the error magnitudes cannot be adequately
compensated by even a competent stress analyst. In each case,
the effects of the number of filaments on the average strain
were studied. Case 1 involved the effect of the gage width and
Case 2 examined the effect of the gage length. Cases 3 and 4
investigated the mispositioning and orientation of the strain
gage. The results of these case studies are summarized in Figs.
4-8. It is believed that these results can provide insight to the
behavior of the averaging effect of the strain gage. In the case
of other high strain gradients, the results reported here cannot
be quantitatively precise. However, it is practical that the error

magnitudes may be used as an estimate to correct the readings
of gages in unknown strain fields. The theory can be extended
to other discontinuities by changing the stress field equations.
In addition, the results can be used to enhance the accuracy of
the hole-drilling method.

Finally, the average strain over the gage filaments is not the
same as the average strain over the gage grid area. It is con-
cluded that the number of filaments plays an equally important
role on the averaging effect as the gage dimension and orienta-
tion. Therefore, in order to reduce the averaging effect error,
mounting a gage with very few filaments (custom stress gra-
dient gage) would be recommended.

Nomenclature

a : Radius of hole

X,y : Non-dimensional x-, y-coordinate, x=X/a,
y=Yla

G, Opg, To - Plane polar stress components

0., 0, T, . Plane Cartesian stress components

o) . Applied stress

&> &» %y . Plane Cartesian stress components

Eag Eavg ¢ Average strains computed by Eq. (6) and
Eq. (8)

Eaet . Actual strain

E,G : Young’s modulus, Shear modulus,
G=E/2 (1+v)

1% : Poisson’s ratio

n : Number of filaments of strain gage

Ly : Non-dimensional length of strain gage, [,= /a
w : Non-dimensional width of strain gage, w=W/a

Xe» Ve : Location of strain gage, see Fig. 1, x=X/a,
y&Yla

a . Tilt angle
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