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Abstract 
 
The unified equations to obtain the exact solutions for piezoelectric plane beam subjected to arbitrary mechanical and electrical loads 

with various ends supported conditions is founded by solving functional equations. Comparing this general method with traditional trial-
and-error method, the most advantage is it can obtain the exact solutions directly and does not need to guess and modify the form of 
stress function or electric displacement function repeatedly. Firstly, the governing equation for piezoelectric plane beam is derived. The 
general solution for the governing equation is expressed by six unknown functions. Secondly, in terms of boundary conditions of the two 
longitudinal sides of the beam, six functional equations are yielded. These equations are simplified to derive the unified equations to 
solve the boundary value problems of piezoelectric plane beam. Finally, several examples show the correctness and generalization of this 
method.   
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1. Introduction 

Piezoelectric materials have been widely used as actuators 
and sensors in deformation and vibration control due to the 
coupling between mechanical and electrical fields. Since its 
coupling characteristics, it is more complicated for analysis 
and design of such intelligent structural system as compared 
with traditional structural system. That is the reason why there 
are so many numerical models for piezoelectric structure as 
can be seen in review papers [1-3]. Since the elasticity solu-
tions for simple form of piezoelectric structure can be re-
garded as the benchmark for verifying the various numerical 
models, it has also attracted many scientists and engineers to 
do with this problem. 

The necessity to guess and modify the form of stress func-
tion and electric displacement function to obtain the elasticity 
solutions for piezoelectric plane beam subjected to various 
simple form of loads can be seen in almost each paper that 
deal with these thesis or related topics. We only list the paper 
that published in recent years, such as stress function and elec-
tric displacement function of Eqs. (14) and (15) in Ref. [4], Eq. 
(16) in Ref. [5], Eq. (17) in Ref. [6], Eq. (16) in Ref. [7], Eqs. 
(5) and (6) in Ref. [8], Eq. (5) in Ref. [9], Eq. (9) in Ref. [10], 

Eq. (6) in Ref. [11], Eq. (15) in Ref. [12], Eq. (6) in Ref. [13]. 
Usually, they all need to guess the form of stress function and 
electric displacement function before carry out their solution 
procedure and can only deal with one specific problem. If the 
boundary conditions are changed, whether boundary condi-
tions of the two longitudinal sides or boundary conditions of 
the ends supported conditions, the previous assumptions can 
not be used. It is also the reason that most of the model given 
in these papers are simply supported beam or cantilever beam. 
For other type of ends supported conditions, such as Fixed end 
– Fixed end piezoelectric plane beam, there are little report 
about it. Huang [4] only gives a method of how to solve the 
problem when the piezoelectric beam acted by pressure load 
that can be transferred into sinusoidal series and need the 
value of function which represent the load must be equated to 
zero at the two ends of the beam. The assumption about load 
in Ref. [4] does not accord with practical conditions. More-
over, the hypothesis of stress function and electrical displace-
ment function in Ref. [4] are not suite for other type of loads, 
such as shear force or electrical loads. 

This paper considers the behavior of piezoelectric plane 
beam subjected to arbitrary mechanical and electrical loads. 
Comparing this general method with the method given in the 
paper that list in Refs. [4-13], the most advantage is it can 
obtain the solutions directly and does not need to guess and 
modify the form of stress function or electrical displacement 
function. Furthermore, it can deal with arbitrary mechanical 

† This paper was recommended for publication in revised form by Associate Editor
Maenghyo Cho  

*Corresponding author. Tel.: +86 731 84574798, Fax.: +86 731 84574798 
E-mail address: zhanglang83@gmail.com  

© KSME & Springer 2011 



1824 L. Zang et al. / Journal of Mechanical Science and Technology 25 (7) (2011) 1823~1835 
 

 

and electrical loads, which can not be realized in any open 
literature to the best knowledge of the authors. 

 
2. Theoretical formulations 

Consider a piezoelectric plane beam with rectangular cross 
section subjected to arbitrary loads as shown in Fig. 1. Sup-
pose the width of beam is unit, and the length and height are, 
respectively, L  and h . 

In x z−  plane, the constitutive equations for piezoelectric 
material can be expressed as Ref. [14] 
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where xxσ , zzσ , xzσ  denote the stress components, xxε , 

zzε , xzε  are the strain components, u  and w  displacement 
components, xD  and zD  electric displacement components, 

xE  and zE  electric field components. 11s , 13s , 33s  and 
44s  denote coefficients of elastic compliance. 31d , 33d  and 
15d  are piezoelectricity coefficients. 11δ  and 33δ  are di-

electric impermeability coefficients. 
Considering the following boundary conditions of the two 

longitudinal sides of the beam 
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where ( )( )1,2,3,4iq x i =  and ( )( )E 1,2iq x i =  represent the 
arbitrary mechanical and electrical loads, respectively. 

The kinematic relation are 
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where EΦ  represent electrical potential. 
The equilibrium equations are 
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From Eq. (3)1-3 the following compatibility equation is ob-

tained 
 

2 2 2

2 2 .xx zz xz

z x x z
ε ε ε∂ ∂ ∂

+ =
∂ ∂ ∂ ∂

 (5) 

 
By virtue of Eq. (1), obtain 
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The stress components can be expressed by using stress 

function ( )1 ,U x z  as 
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Substituting Eq. (8) into Eq. (6) and applying Eq. (5) ob-

tains 
 

( )

( )

4 4 4
1 1 1

11 13 44 334 2 2 4

3 3
E E

31 15 333 2

2

0.

U U Us s s s
z x z x

d d d
z x z

∂ ∂ ∂
+ + +

∂ ∂ ∂ ∂

∂ Φ ∂ Φ
− + − =

∂ ∂ ∂

 (9) 

 
Substituting Eq. (8) into Eq. (7) and applying Eq. (4)3 ob-

tain 
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Differentiating Eq. (10) with respect to z  once and com-

bining Eq. (9) to eliminate ( )3 2
E x z∂ Φ ∂ ∂  obtains 
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In this section, the concrete expressions of ija  are given in 

Appendix A. Letting 
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Fig. 1. Piezoelectric plane beam subjected to arbitrary mechanical and 
electrical loads. 
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Substituting Eq. (12) into Eqs. (9) and (10) obtains 
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Integrating Eq. (13) with respect to z  once obtains 
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where ( )1f x  are arbitrary differentiable function, ( ) ( )i

jf x  
denote the i-th derivative of ( )jf x . 

Combining Eqs. (14) and (15) obtains 
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Differentiating Eqs. (16) and (17) with respect to z  and 

x  twice, respectively, and letting them equate to each other 
obtains 
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where ( ) ( ) ( )3 2 1 33, ,U x z U x z f x s= − . ( )1f x  can be re-
garded as a assistant function when we derive Eq. (18) and 
take no effect hereafter. 

Eq. (18) is the governing equation for piezoelectric beam. 
The characteristic equation of Eq. (18) is 
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where 1λ , 2λ , 3λ  are characteristic roots and 1 2 3λ λ λ≠ ≠ . 
The relationship between the characteristic roots and mate-

rial properties can be obtained by comparing Eq. (19) with 
Eq. (18) of the coefficients of λ  as follows: 
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The general solution of Eq. (18) is 
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where ( )( )1,2,...,6i iϕ ⋅ =  are six arbitrary functions. 

By using Eqs. (21), (12) and (8) obtain 
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where ( ) ( )i

jϕ ⋅ denote the i-th derivative of ( )jϕ ⋅ . 
By applying Eq. (21), Eq. (12) and integrating Eq. (11) 
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where ( )2f x , ( )3f x  and ( )4f x  are arbitrary functions. 

The displacement and electric displacement components 
can be yielded by using Eq. (3)1-2, Eqs. (6) and (7) as 
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where ( )5f x  and ( )1g z  are arbitrary functions. 

By using Eqs. (3)3, (4)3 (18) and (26)-(29) obtain 
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Eq. (31) can be regarded as the quadratic algebra equation 

with respect to z . Usually, Eq. (31) can only have two roots. 
However, Eq. (31) must be satisfied for arbitrary value of z  
in the region [ ]2, 2h h− . The only possible situation is the 
coefficients of z  with any degree equate to zero, which im-
ply that 
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Substituting Eq. (33) into Eq. (30) obtain 
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Since ( )5f x  and ( )1g z  are the single variable functions 
of x  and z , respectively, which show that 
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where ( )1,2,...,10iC i =  are unknown integral constants. 

Solutions must satisfy the boundary conditions at the two 
longitudinal sides of the beam exactly. By means of Eq. (2), 
Eqs. (23), (24) and (29) yield six functional equations 
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3 32
3 5 3 6 3 4

2 2

2 2

2 2

h hx x

h hx x

h hx x q x

λ ϕ λ ϕ λ

λ ϕ λ ϕ λ

λ ϕ λ ϕ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞− + +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − + +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − + + = −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (40) 

( ) ( )

( ) ( )

( ) ( ) ( )

3 3
61 1 1 2 1

3 3
62 3 2 4 2

3 3 E
63 5 3 6 3 1C

2 2

2 2

2 2

h ha x x

h ha x x

h ha x x q x

ϕ λ ϕ λ

ϕ λ ϕ λ

ϕ λ ϕ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ + − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ + − − =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (41) 

( ) ( )

( ) ( )

( ) ( ) ( )

3 3
61 1 1 2 1

3 3
62 3 2 4 2

3 3 E
63 5 3 6 3 2C

2 2

2 2

2 2

h ha x x

h ha x x

h ha x x q x

ϕ λ ϕ λ

ϕ λ ϕ λ

ϕ λ ϕ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞− − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − − + =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (42) 
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where 
 

( ) ( ) ( ) ( )E E
1C 1 33 1 2 33 3 42q x q x C x C h C x Cδ δ= + ⎡ + ⎤ + +⎣ ⎦ ,  

( ) ( ) ( ) ( )E E
2C 2 33 1 2 33 3 42q x q x C x C h C x Cδ δ= − ⎡ + ⎤ + +⎣ ⎦ .  

 
Multiplying Eq. (37) by 1λ  then minus Eq. (38) obtains 
 

( ) ( )

( ) ( )

( ) ( ) ( )

2
3 31 2 2

2 1 3 22
1

2 2
3 31 2 2 1 3 3

4 2 5 32 2
1 1

2
3 1 1 21 3 3

6 32 2
1 1

2 2 2

2 2 2 2

.
2 2 2

h hx x

h hx x

q x q xhx

λ λ λϕ λ ϕ λ
λ

λ λ λ λ λ λϕ λ ϕ λ
λ λ

λλ λ λ ϕ λ
λ λ

−⎛ ⎞ ⎛ ⎞− − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

+ −⎛ ⎞ ⎛ ⎞+ − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

++ ⎛ ⎞+ − = −⎜ ⎟
⎝ ⎠

 (43) 

 
Multiplying Eq. (39) by 1λ  then minus Eq. (40) obtains 
 

( ) ( )

( ) ( )

( ) ( ) ( )

2
3 31 2 2

2 1 3 22
1

2 2
3 31 2 2 1 3 3

4 2 5 32 2
1 1

2
3 1 3 41 3 3

6 32 2
1 1

2 2 2

2 2 2 2

.
2 2 2

h hx x

h hx x

q x q xhx

λ λ λϕ λ ϕ λ
λ

λ λ λ λ λ λϕ λ ϕ λ
λ λ

λλ λ λ ϕ λ
λ λ

−⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

+ −⎛ ⎞ ⎛ ⎞+ + − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

++ ⎛ ⎞+ + = −⎜ ⎟
⎝ ⎠

 (44) 

 
Replacing x  with 1 2x hλ+  in Eq. (43) and x  with 

1 2x hλ−  in Eq. (44), respectively, obtains 
 

( ) ( ) ( )

( )

( )

( )

( ) ( )

2
3 31 2 2

2 3 1 22
1

2
31 2 2

4 1 22
1

2
31 3 3

5 1 32
1

2
31 3 3

6 1 32
1

1 1 1 2 1
2

1

2 2 2

2 2 2

2 2 2

2 2 2
2 2
2

h hx x

h hx

h hx

h hx

q x h q x h

λ λ λϕ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ
λ

− ⎛ ⎞− + +⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ + −⎜ ⎟
⎝ ⎠

− ⎛ ⎞− + +⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ + −⎜ ⎟
⎝ ⎠

+ + +
= −

 (45) 

( ) ( ) ( )

( )

( )

( )

( ) ( )

2
3 31 2 2

2 3 1 22
1

2
31 2 2

4 1 22
1

2
31 3 3

5 1 32
1

2
31 3 3

6 1 32
1

1 3 1 4 1
2

1

2 2 2

2 2 2

2 2 2

2 2 2
2 2

.
2

h hx x

h hx

h hx

h hx

q x h q x h

λ λ λϕ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ
λ

− ⎛ ⎞− − −⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ − +⎜ ⎟
⎝ ⎠

− ⎛ ⎞− − −⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ − +⎜ ⎟
⎝ ⎠

− + −
= −

 (46) 

 
Eq. (45) minus Eq. (46) obtains 
 

( ) ( )

( ) ( )

( )
( )

( )

( )
( )

( )

( )
( )

( )

3 3
3 1 2 3 1 2

3 31 2
4 1 2 4 1 2

1 2

33 1 3
5 1 3

2 1 2

33 1 3
5 1 3

2 1 2

33 1 3
6 1 3

2 1 2

2 2 2 2

2 2 2 2

2 2

2 2

2 2

h h h hx x

h h h hx x

h hx

h hx

h hx

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ ϕ λ λ
λ λ

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
ϕ λ λ

λ λ λ

⎛ ⎞ ⎛ ⎞+ + − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎡ ⎤+ ⎛ ⎞ ⎛ ⎞− + − + − +⎜ ⎟ ⎜ ⎟⎢ ⎥− ⎝ ⎠ ⎝ ⎠⎣ ⎦

− ⎛ ⎞+ + +⎜ ⎟− ⎝ ⎠

− ⎛ ⎞− − −⎜ ⎟− ⎝ ⎠

+ ⎛− + −
− ⎝

( )
( )

( )

( ) ( )
( )

( ) ( )
( )

33 1 3
6 1 3

2 1 2

1 1 1 2 1

2 1 2

1 3 1 4 1

2 1 2

2 2

2 2

2 2
.

h hx

q x h q x h

q x h q x h

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
λ λ λ

λ λ λ
λ λ λ

⎞
⎜ ⎟

⎠

+ ⎛ ⎞+ − +⎜ ⎟− ⎝ ⎠

+ + +
=

−

− + −
−

−

 (47) 

 
Multiplying Eq. (37) by 1λ  then plus Eq. (38) obtain 
 

( ) ( )

( ) ( )

( ) ( ) ( )

2
3 31 2 2

1 1 3 22
1

2 2
3 31 2 2 1 3 3

4 2 5 32 2
1 1

2
3 1 1 21 3 3

6 32 2
1 1

2 2 2

2 2 2 2

.
2 2 2

h hx x

h hx x

q x q xhx

λ λ λϕ λ ϕ λ
λ

λ λ λ λ λ λϕ λ ϕ λ
λ λ

λλ λ λ ϕ λ
λ λ

+⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− +⎛ ⎞ ⎛ ⎞− − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

−− ⎛ ⎞− − =⎜ ⎟
⎝ ⎠

 (48) 

 
Multiplying Eq. (40) by 1λ  then plus Eq. (41) obtain 
 

( ) ( )

( ) ( )

( ) ( ) ( )

2
3 31 2 2

1 1 3 22
1

2 2
3 31 2 2 1 3 3

4 2 5 32 2
1 1

2
3 1 3 41 3 3

6 32 2
1 1

2 2 2

2 2 2 2

.
2 2 2

h hx x

h hx x

q x q xhx

λλ λϕ λ ϕ λ
λ

λλ λ λλ λϕ λ ϕ λ
λ λ

λλλ λ ϕ λ
λ λ

+⎛ ⎞ ⎛ ⎞− + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− +⎛ ⎞ ⎛ ⎞− + + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

−− ⎛ ⎞− + =⎜ ⎟
⎝ ⎠

 (49) 

 
Replacing x  with 1 2x hλ−  in Eq. (48) and x  with 

1 2x hλ+  in Eq. (49), respectively, obtain 
 

( ) ( ) ( )

( )

( )

( )

( ) ( )

2
3 31 2 2

1 3 1 22
1

2
31 2 2

4 1 22
1

2
31 3 3

5 1 32
1

2
31 3 3

6 1 32
1

1 1 1 2 1
2

1

2 2 2

2 2 2

2 2 2

2 2 2
2 2
2

h hx x

h hx

h hx

h hx

q x h q x h

λ λ λϕ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ
λ

+ ⎛ ⎞+ − +⎜ ⎟
⎝ ⎠

− ⎛ ⎞− − −⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ − +⎜ ⎟
⎝ ⎠

− ⎛ ⎞− − −⎜ ⎟
⎝ ⎠

− − −
=

 (50) 
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( ) ( ) ( )

( )

( )

( )

( ) ( )

2
3 31 2 2

1 3 1 22
1

2
31 2 2

4 1 22
1

2
31 3 3

5 1 32
1

2
31 3 3

6 1 32
1

1 3 1 4 1
2

1

2 2 2

2 2 2

2 2 2

2 2 2
2 2

.
2

h hx x

h hx

h hx

h hx

q x h q x h

λ λ λϕ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ ϕ λ λ
λ

λ λ λ
λ

+ ⎛ ⎞+ + −⎜ ⎟
⎝ ⎠

− ⎛ ⎞− + +⎜ ⎟
⎝ ⎠

+ ⎛ ⎞+ + −⎜ ⎟
⎝ ⎠

− ⎛ ⎞− + +⎜ ⎟
⎝ ⎠

+ − +
=

 (51) 

 
Eq. (50) minus Eq. (51) obtains 
 

( ) ( )

( ) ( )

( )
( )

( )

( )
( )

( )

( )
( )

( )

3 3
3 1 2 3 1 2

3 31 2
4 1 2 4 1 2

1 2

33 1 3
5 1 3

2 1 2

33 1 3
5 1 3

2 1 2

33 1 3
6 1 3

2 1 2

2 2 2 2

2 2 2 2

2 2

2 2

2 2

h h h hx x

h h h hx x

h hx

h hx

h hx

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ ϕ λ λ
λ λ

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
ϕ λ λ

λ λ λ

⎛ ⎞ ⎛ ⎞− + − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎡ ⎤− ⎛ ⎞ ⎛ ⎞− − − − + +⎜ ⎟ ⎜ ⎟⎢ ⎥+ ⎝ ⎠ ⎝ ⎠⎣ ⎦

+ ⎛ ⎞+ − +⎜ ⎟+ ⎝ ⎠

+ ⎛ ⎞− + −⎜ ⎟+ ⎝ ⎠

− ⎛− − −
+ ⎝

( )
( )

( )

( ) ( )
( )

( ) ( )
( )

33 1 3
6 1 3

2 1 2

1 1 1 4 1

2 1 2

1 3 1 2 1

2 1 2

2 2

2 2

2 2
.

h hx

q x h q x h

q x h q x h

λ λ λ
ϕ λ λ

λ λ λ

λ λ λ
λ λ λ

λ λ λ
λ λ λ

⎞
⎜ ⎟

⎠

− ⎛ ⎞+ + +⎜ ⎟+ ⎝ ⎠

− + +
=

+

+ + −
−

+

 (52) 

 
Multiplying Eq. (37) by 61 1a λ  then minus Eq. (41) ob-

tains 
 

( ) ( )

( ) ( )

( ) ( )

3 3
3 2 4 2

3 363 1 61 3
5 3 6 3

62 1 61 2

E
1 1C 61 1

62 1 61 2

2 2

2 2

.

h hx x

a a h hx x
a a

q x a q x
a a

ϕ λ ϕ λ

λ λ ϕ λ ϕ λ
λ λ

λ
λ λ

⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎡ ⎤− ⎛ ⎞ ⎛ ⎞+ + − −⎜ ⎟ ⎜ ⎟⎢ ⎥− ⎝ ⎠ ⎝ ⎠⎣ ⎦

−
=

−

 (53) 

 
Multiplying Eq. (39) by 61 1a λ  then minus Eq. (42) ob-

tains 
 

( ) ( )

( ) ( )

( ) ( )

3 3
3 2 4 2

3 363 1 61 3
5 3 6 3

62 1 61 2

E
1 2C 61 3

62 1 61 2

2 2

2 2

.

h hx x

a a h hx x
a a

q x a q x
a a

ϕ λ ϕ λ

λ λ ϕ λ ϕ λ
λ λ

λ
λ λ

⎛ ⎞ ⎛ ⎞− − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎡ ⎤− ⎛ ⎞ ⎛ ⎞+ − − +⎜ ⎟ ⎜ ⎟⎢ ⎥− ⎝ ⎠ ⎝ ⎠⎣ ⎦

−
=

−

 (54) 

Replacing x  with 1 2x hλ+  in Eq. (53) and x  with 
1 2x hλ−  in Eq. (54), respectively, obtain 

 
( ) ( )

( )

( )

( ) ( )

3 3
3 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1 3

62 1 61 2

E
1 1C 1 61 1 1

62 1 61 2

2 2 2 2

2 2

2 2

2 2

h h h hx x

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞ ⎛ ⎞+ + − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ + +⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− + −⎜ ⎟− ⎝ ⎠

+ − +
=

−

 (55) 

( ) ( )

( )

( )

( ) ( )

3 3
3 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1 3

62 1 61 2

E
1 2C 1 61 3 1

62 1 61 2

2 2 2 2

2 2

2 2

2 2
.

h h h hx x

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞ ⎛ ⎞− − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ − −⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− − +⎜ ⎟− ⎝ ⎠

− − −
=

−

 (56) 

 
Eq. (55) minus Eq. (56) obtains 
 

( ) ( )

( ) ( )

( )

( )

( )

3 3
3 1 2 3 1 2

3 3
4 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1

62 1 61 2

2 2 2 2

2 2 2 2

2 2

2 2

h h h hx x

h h h hx x

a a h hx
a a
a a h hx
a a
a a hx
a a

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ
λ λ ϕ λ
λ λ

⎛ ⎞ ⎛ ⎞+ + − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞− + − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ + +⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− − −⎜ ⎟− ⎝ ⎠
−

− +
−

( )

( ) ( )

( ) ( )

3

363 1 61 3
6 1 3

62 1 61 2
E

61 3 1 1 1C 1

62 1 61 2

E
61 1 1 1 2C 1

62 1 61 2

2 2

2 2

2 2

2 2
.

h

a a h hx
a a

a q x h q x h
a a

a q x h q x h
a a

λ

λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞−⎜ ⎟
⎝ ⎠

− ⎛ ⎞+ − +⎜ ⎟− ⎝ ⎠

− + +
=

−

+ + −
−

−

 (57) 

 
Eq. (57) minus Eq. (47) obtains 
 

( ) ( )

( ) ( )

( ) ( ) ( )

3 31
86 4 1 2 4 1 2

3 31
83 5 1 3 5 1 3

3 31
84 6 1 3 6 1 3 11

2 2 2 2

2 2 2 2

2 2 2 2

h h h ha x x

h h h ha x x

h h h ha x x k x

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞+ − − − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ + + − − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞− + − − − + =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦   
 (58) 

 
where 
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( ) ( ) ( )

( ) ( )

( ) ( )
( )

( ) ( )
( )

E
61 3 1 1 1C 1

11
62 1 61 2

E
61 1 1 1 2C 1

62 1 61 2

1 1 1 2 1

2 1 2

1 3 1 4 1

2 1 2

2 2

2 2

2 2

2 2
.

a q x h q x h
k x

a a

a q x h q x h
a a

q x h q x h

q x h q x h

λ λ λ
λ λ

λ λ λ
λ λ

λ λ λ
λ λ λ

λ λ λ
λ λ λ

− + +
=

−

+ + −
−

−

+ + +
−

−

− + −
+

−

 (59) 

 
Replacing x  with 1 2x hλ−  in Eq. (53) and x  with 

1 2x hλ+  in Eq. (54), respectively, obtain 
 

( ) ( )

( )

( )

( ) ( )

3 3
3 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1 3

62 1 61 2
E

1 1C 1 61 1 1

62 1 61 2

2 2 2 2

2 2

2 2

2 2

h h h hx x

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞ ⎛ ⎞− + − − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ − +⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− − −⎜ ⎟− ⎝ ⎠

− − −
=

−

 (60) 

( ) ( )

( )

( )

( ) ( )

3 3
3 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1 3

62 1 61 2

E
1 2C 1 61 3 1

62 1 61 2

2 2 2 2

2 2

2 2

2 2
.

h h h hx x

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞ ⎛ ⎞+ − − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ + −⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− + +⎜ ⎟− ⎝ ⎠

+ − +
=

−

 (61) 

 
Eq. (60) minus Eq. (61) obtains 
 

( ) ( )

( ) ( )

( )

( )

( )

3 3
3 1 2 3 1 2

3 3
4 1 2 4 1 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
5 1 3

62 1 61 2

363 1 61 3
6 1

62 1 61 2

2 2 2 2

2 2 2 2

2 2

2 2

h h h hx x

h h h hx x

a a h hx
a a
a a h hx
a a
a a hx
a a

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ
λ λ ϕ λ
λ λ

⎛ ⎞ ⎛ ⎞− + − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞− − − + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

− ⎛ ⎞+ − +⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− + −⎜ ⎟− ⎝ ⎠
−

− −
−

( )

( ) ( )

( ) ( )

3

363 1 61 3
6 1 3

62 1 61 2
E

61 3 1 1 1C 1

62 1 61 2

E
61 1 1 1 2C 1

62 1 61 2

2 2

2 2

2 2

2 2
.

h

a a h hx
a a

a q x h q x h
a a

a q x h q x h
a a

λ

λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

λ λ λ
λ λ

⎛ ⎞−⎜ ⎟
⎝ ⎠

− ⎛ ⎞+ + +⎜ ⎟− ⎝ ⎠

+ + −
=

−

− + +
−

−

 (62) 

 
Eq. (62) minus Eq. (52) obtains 

( ) ( )

( ) ( )

( ) ( ) ( )

3 31
85 4 1 2 4 1 2

3 31
81 5 1 3 5 1 3

3 31
82 6 1 3 6 1 3 12

2 2 2 2

2 2 2 2

2 2 2 2

h h h ha x x

h h h ha x x

h h h ha x x k x

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞+ + − − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − + − + −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞− − − − + + =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦   
 (63) 

 
where 
 

( ) ( ) ( )

( ) ( )

( ) ( )
( )

( ) ( )
( )

E
61 3 1 1 1C 1

12
62 1 61 2

E
61 1 1 1 2C 1

62 1 61 2

1 1 1 4 1

2 1 2

1 3 1 2 1

2 1 2

2 2

2 2

2 2

2 2
.

a q x h q x h
k x

a a

a q x h q x h
a a

q x h q x h

q x h q x h

λ λ λ
λ λ

λ λ λ
λ λ

λ λ λ
λ λ λ

λ λ λ
λ λ λ

+ + −
=

−

− + +
−

−

− + +
−

+

+ + −
+

+

 (64) 

 
Replacing x  with 2 2x hλ−  in Eq. (53) and x  with 

2 2x hλ+  in Eq. (54), respectively, obtain 
 

( ) ( ) ( ) ( )
( )

( )

( ) ( )

3 3
3 4 2

363 1 61 3
5 2 3

62 1 61 2

363 1 61 3
6 2 3

62 1 61 2

E
1 1C 2 61 1 2

62 1 61 2

2 2

2 2

2 2

x x h

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ ϕ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

− −

− ⎛ ⎞+ − +⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− − −⎜ ⎟− ⎝ ⎠

− − −
=

−

 (65) 

( ) ( ) ( ) ( )
( )

( )

( ) ( )

3 3
3 4 2

363 1 61 3
5 2 3

62 1 61 2

363 1 61 3
6 2 3

62 1 61 2

E
1 2C 2 61 3 2

62 1 61 2

2 2

2 2

2 2
.

x x h

a a h hx
a a
a a h hx
a a

q x h a q x h
a a

ϕ ϕ λ

λ λ ϕ λ λ
λ λ
λ λ ϕ λ λ
λ λ

λ λ λ
λ λ

− +

− ⎛ ⎞+ + −⎜ ⎟− ⎝ ⎠
− ⎛ ⎞− + +⎜ ⎟− ⎝ ⎠

+ − +
=

−

 (66) 

 
Eq. (65) minus Eq. (66) obtains 
 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

3 3
4 2 4 2

3 31
80 5 2 3 6 2 3

3 31
80 5 2 3 6 2 3 13

2 2 2 2

2 2 2 2

x h x h

h h h ha x x

h h h ha x x k x

ϕ λ ϕ λ

ϕ λ λ ϕ λ λ

ϕ λ λ ϕ λ λ

⎡ ⎤+ − −⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ − + + + +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞− + − + − − =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦   
 (67) 
 

where 
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( ) ( ) ( )

( ) ( )

E
61 3 2 1 1C 2

13
62 1 61 2

E
61 1 2 1 2C 2

62 1 61 2

2 2

2 2
.

a q x h q x h
k x

a a

a q x h q x h
a a

λ λ λ
λ λ

λ λ λ
λ λ

+ + −
=

−

− − +
−

−

 (68) 

 
Eqs. (58), (63) and (67) are the unified equations to solve 

the boundary value problem of piezoelectric plane beam acted 
by arbitrary mechanical and electrical loads. 

We can construct ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  in terms of 
( ) ( )1 1,2,3ik x i = . Once ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  are con-

structed, ( )3 xϕ  can be constructed by replacing x  with 
2 2x hλ−  in Eq. (53) and integrating Eq. (53) with respect 

to x  thrice 
 

( ) ( ) 1
3 4 2 80 5 2 3

1
80 6 2 3

E1
1C 2

62 1 61 2

61
1 2

62 1 61 2

2

32 31 30

2 2

2 2

2

2

.
2

h hx x h a x

h ha x

hq x dx dx dx
a a

a hq x dx dx dx
a a

xA A x A

ϕ ϕ λ ϕ λ λ

ϕ λ λ

λ λ
λ λ

λ
λ λ

⎛ ⎞= − − − +⎜ ⎟
⎝ ⎠

⎛ ⎞+ − −⎜ ⎟
⎝ ⎠

⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞+ −⎨ ⎬⎜ ⎟⎢ ⎥− ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
⎧ ⎫⎡ ⎤⎪ ⎪⎛ ⎞− −⎨ ⎬⎜ ⎟⎢ ⎥− ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭

+ + +

∫ ∫ ∫

∫ ∫ ∫

 (69) 

 ( )2 xϕ  can be constructed by integrating Eq. (45) with re-
spect to x  thrice 

 

( ) ( )

( )

( )

( )

2 1 2
2 3 1 22

1

2 1 2
4 1 22

1

3 1 3
5 1 32

1

3 1 3
6 1 32

1

1 1
1

2 12
1

2 2 2

2 2 2

2 2 2

2 2 2

1
2 2

1
2 2

h hx x

h hx

h hx

h hx

hq x dx dx dx

hq x

λ λ λ
ϕ ϕ λ λ

λ
λ λ λ

ϕ λ λ
λ

λ λ λ
ϕ λ λ

λ
λ λ λ

ϕ λ λ
λ

λ
λ

λ
λ

− ⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

+ ⎛ ⎞− + −⎜ ⎟
⎝ ⎠

− ⎛ ⎞+ + +⎜ ⎟
⎝ ⎠

+ ⎛ ⎞− + −⎜ ⎟
⎝ ⎠

⎧ ⎫⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪⎛ ⎞− +⎨ ⎨ ⎬ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭⎩ ⎭

⎛ ⎞+ +⎜
⎝

∫ ∫ ∫

2

22 21 20 .
2

dx dx dx

xA A x A

⎧ ⎫⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪
⎨ ⎨ ⎬ ⎬⎟⎢ ⎥⎠⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭⎩ ⎭

+ + +

∫ ∫ ∫

 (70) 

 ( )1 xϕ  can be constructed by integrating Eq. (50) with re-
spect to x  thrice 

 

( ) ( )

( )

2 1 2
1 3 1 22

1

2 1 2
4 1 22

1

2 2 2

2 2 2

h hx x

h hx

λ λ λ
ϕ ϕ λ λ

λ
λ λ λ

ϕ λ λ
λ

+ ⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

− ⎛ ⎞+ − −⎜ ⎟
⎝ ⎠

 (71) 

( )

( )

3 1 3
5 1 32

1

3 1 3
6 1 32

1

1 1
1

2 12
1

2

12 11 10

2 2 2

2 2 2

1
2 2

1
2 2

2

h hx

h hx

hq x dx dx dx

hq x dx dx dx

xA A x A

λ λ λ
ϕ λ λ

λ
λ λ λ

ϕ λ λ
λ

λ
λ

λ
λ

+ ⎛ ⎞− − +⎜ ⎟
⎝ ⎠

− ⎛ ⎞+ − −⎜ ⎟
⎝ ⎠

⎧ ⎫⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪⎛ ⎞+ −⎨ ⎨ ⎬ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭⎩ ⎭
⎧ ⎫⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪⎛ ⎞− −⎨ ⎨ ⎬ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎪ ⎪⎩ ⎭⎩ ⎭

+ + +

∫ ∫ ∫

∫ ∫ ∫

  

 
where ijA  are unknown constants. 

The expressions of xxσ , zzσ , xzσ , u , w , xD , zD  and EΦ  
can be expressed by using ( )( )1,2,...,6i x iϕ =  at present. 
Since Eq. (2) are satisfied, the reaming unknown constants 
can be determined by using the boundary conditions of two 
ends of the beam and obtain the expressions of stress, dis-
placement, electrical displacement and electrical potential 
finally. 

From the solution procedure mentioned above, how to con-
struct ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  is the key point to figure 
out the problem. The conclusions given below can be con-
firmed by substituting the expressions of loads and expres-
sions of ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  into Eqs. (58), (63) 
and (67). 

When the plane beam acted by loads 
 

( ) ( )0
1

1,3
im

j j ji
i

xq x q q j
L=

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

∑  (72) 

 ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  can be constructed as 
 

( ) ( ) ( )
6 6 6

4 4 5 5 6 6
0 0 0

, ,
m m m

i i i
i i i

i i i
x A x x A x x A xϕ ϕ ϕ

+ + +

= = =

= = =∑ ∑ ∑  (73) 

 
where 4iA , 5iA  and 6iA  ( )0,1,..., 6i m= +  are unknown 
constants. 

When the plane beam acted by loads 
 

( ) ( )0
1

2,4
im

j j ji
i

xq x q q j
L=

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

∑  (74) 

 ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  can be constructed as 
 

( ) ( ) ( )
5 5 5

4 4 5 5 6 6
0 0 0

, ,
m m m

i i i
i i i

i i i
x A x x A x x A xϕ ϕ ϕ

+ + +

= = =

= = =∑ ∑ ∑  (75) 

 
where 4iA , 5iA  and 6iA  ( )0,1,..., 5i m= +  are unknown 
constants. 

When the plane beam acted by loads 
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( ) ( )E E
0

1
1,2

im

j j ji
i

xq x q q j
L=

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

∑  (76) 

 ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  can be constructed as 
 

( ) ( ) ( )
4 4 4

4 4 5 5 6 6
0 0 0

, ,
m m m

i i i
i i i

i i i
x A x x A x x A xϕ ϕ ϕ

+ + +

= = =

= = =∑ ∑ ∑  (77) 

 
where 4iA , 5iA  and 6iA  ( )0,1,..., 4i m= +  are unknown 
constants. 

When the plane beam acted by loads 
 

( ) ( ) ( ) ( ) ( )0 0sin or cos 1,3j j j jq x q x q x q x jδ δ= = =  (78) 

 
where 0δ  is a known coefficient, ( )4 xϕ , ( )5 xϕ  and 

( )6 xϕ  can be constructed as 
 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

5

4 4 4 0 4 0
0

5

5 5 5 0 5 0
0

5

6 6 6 0 6 0
0

cos sin

cos sin

cos sin

i
i

i

i
i

i

i
i

i

x A x E x F x

x A x E x F x

x A x E x F x

ϕ δ δ

ϕ δ δ

ϕ δ δ

=

=

=

⎧
= + ⋅ + ⋅⎪

⎪
⎪

= + ⋅ + ⋅⎨
⎪
⎪

= + ⋅ + ⋅⎪
⎩

∑

∑

∑

 (79) 

 
where 4iA , 5iA  and 6iA  ( )0,1,...,5i = , 4E , 4F , 5E , 5F , 

6E  and 6F  are unknown constants. 
Similarly, if we need to deal with 
 

( ) ( ) ( ) ( ) ( )0 0sin or cos 2,4j j j jq x q x q x q x jδ δ= = =  (80) 

 
we can simply let the polynomial part of Eq. (79) with degree 
of 4 against x  and 3 for following type of loads. 
 

( ) ( ) ( ) ( ) ( )E E E E
0 0sin or cos 1,2j j j jq x q x q x q x jδ δ= = =  (81) 

 
In the case when the loads are complicated, such as they are 

not continuous in one of the longitudinal side, we can translate 
functions, which represent the loads, into Fourier series as 

 

( ) ( ) ( ) ( )0
1

cos sin 1,3j j jn n jn n
n

q x H x H x jη η ψ
∞

=

⎡ ⎤= + + =⎣ ⎦∑
  

 (82) 
 

where 
 

( )

( ) ( )

( ) ( )

0 0

0

0

1

2 2cos ,

2 sin

L

j j

L

jn j n n

L

jn j n

q x dx
L

nq x H x dx H
L L

q x H x dx
L

η

πη

ψ

⎧ =⎪
⎪
⎪ = =⎨
⎪
⎪

=⎪⎩

∫

∫

∫

 (83) 

 ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  can be constructed as 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

6

4 4 4 4
0 1 1

6

5 5 5 5
0 1 1

6

6 6 6 6
0 1 1

cos cos

cos cos

cos cos

i
i n n n n

i n n

i
i n n n n

i n n

i
i n n n n

i n n

x A x E H x F H x

x A x E H x F H x

x A x E H x F H x

ϕ

ϕ

ϕ

∞ ∞

= = =

∞ ∞

= = =

∞ ∞

= = =

⎧
= + ⎡ ⎤ + ⎡ ⎤⎪ ⎣ ⎦ ⎣ ⎦

⎪
⎪

= + ⎡ ⎤ + ⎡ ⎤⎨ ⎣ ⎦ ⎣ ⎦
⎪
⎪

= + ⎡ ⎤ + ⎡ ⎤⎪ ⎣ ⎦ ⎣ ⎦
⎩

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

 (84) 

 
where 4iA , 5iA  and 6iA  ( )0,1,..., 6i m= + , 4nE , 4nF , 

5nE , 5nF , 6nE  and 6nF  are unknown constants. 
Analogically, we can deal with discontinuous distribution of 
( )( )2,4jq x j =  and ( )( )E 1,2jq x j =  by only change poly-

nomial part of Eq. (84) with degree of 5 and 4 against x , 
respectively. 

 
3. Applications 

In this section, various boundary conditions, including two 
longitudinal sides of the beam and two ends supported condi-
tions of the beam, are considered to validating the correctness 
and generalization of this method. In Section 3.1, the solution 
procedure based on the idea given in Section 2 is presented in 
detail. Then the solutions for three additional examples are 
given. As the loads become complicated, the final expressions 
become very length, In Sections 3.5, 3.6 and 3.7 the numerical 
results are given in the form of surface. The material constants 
are all derived from Ref. [14]. For all the numerical examples, 
L  and h  are taken as 0.1 m and 0.02 m, respectively. 

 
3.1 Hinged end–roller end beam subjected to uniform shear 

force 

This example is used to compare the solutions with the re-
sults given in Ref. [15]. The boundary conditions of the two 
longitudinal sides are 

 
( ) ( ) ( ) ( )

( ) ( )
1 2 3 4 40

E E
1 2

0, 0, 0,

0, 0.

q x q x q x q x q

q x q x

= = = =

= =
 (85) 

 
The boundary conditions of two ends of beam are 
 

( )

( ) ( )

( ) ( )

0 0
0 0 0

2
0E
02

2 2
0

2 2

2 2
0

2 2

0, 0, 0

0, 0

0, 0

0, 0.

x x x L
z z z

h

xh xx x L z

h h

h hxx xxx x L

h h

h hx xx x L

u w w

dz

zdz zdz

D dz D dz

σ

σ σ

= = =
= = =

==− =

= =− −

= =− −

= = =

= Φ =

= =

= =

∫

∫ ∫

∫ ∫

 (86) 

 
Step 1: Constructing the form of ( )4 xϕ , ( )5 xϕ  and 
( )6 xϕ  in terms of the type of load. In this case, Eq. (75) is 

used and ( )4 xϕ , ( )5 xϕ  and ( )6 xϕ  are constructed as 

 
( ) ( ) ( )

5 5 5

4 4 5 5 6 6
0 0 0

, , .i i i
i i i

i i i
x A x x A x x A xϕ ϕ ϕ

= = =

= = =∑ ∑ ∑  (87) 
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Step 2: Substituting Eq. (87) into the unified equations of 
Eqs. (58), (63) and (67) obtain three linear algebra equa-
tions with respect to x . For the same reason mentioned be-
low Eq. (31), the coefficients of x  with any degree must be 
equated to zero to satisfy the unified equations. It means that 
the unified equations will provide 6 linear algebra equations 
with respect to unknown constants 44A , 54A , 64A , 45A , 

55A  and 65A , which will show us the relationship between 
( 45A , 55A  and 65A ) and ( 44A , 54A , 64A ) in this case. 

Step 3: Substituting Eq. (87) into Eqs. (69)-(71) to obtain 
the explicit expressions of ( )1 xϕ , ( )2 xϕ  and ( )3 xϕ . It is 
noted that at present the expressions of ( )( )1,2,...,6i x iϕ =  are 
all explicit polynomial expressions. 

Step 4: Substituting ( )( )1,2,...,6i x iϕ =  into Eqs. (22)-(29)
and combining Eqs. (32), (35)-(36) obtain the explicit ex-
pressions of xxσ , zzσ , xzσ , u , w , xD , zD  and EΦ  with some 
unknown constants. We can verify that boundary conditions 
of the two longitudinal sides of the beam have been satisfied. 

Step 5: The remaining unknown constants can be deter-
mined by using the two ends supported conditions of the beam 
and obtain the final solutions. 

By using the solution procedure given above, the expres-
sions for stress, displacement, electrical displacement and 
electrical potential are 

 
( ) ( )40 40 2

, 0,
2xx zz xz

q L x q h z
h h

σ σ σ
− −

= − = =  (88) 

( )40 31 11 15 33

33

0,z x

q d d z
D D

h
δ δ
δ
+

= = −  (89) 

( )40 31 11 31 11 15 33
E

11 33

2 2
2

q d Lz d xz d hx
h

δ δ δ
δ δ
− −

Φ = −  (90) 

( )( )40 13 33 31 33

33

q s d d L x z
w

h
δ

δ
− −

= −  (91) 

( )( ) ( )

( )

2
40 11 33 31 40 44

33

2
40 13 11 33 33 15 11 31 15 33

11 33

2
2 2

.
2

q s d L x x q s h z z
u

h h

q s z d h d d d z z
h

δ

δ

δ δ δ δ

δ δ

− − −
= − +

⎡ ⎤+ + −⎣ ⎦−

 (92) 

 
We can confirm that Eqs. (88)-(92) satisfy Eqs. (85) and 

(86). Letting the coefficients of piezoelectricity and dielectric 
impermeability equate to zero, the solution degenerate to the 
Hinged end–Roller end orthotropic plane beam subjected to 
uniform shear force as can be seen in Ref. [15], which show 
the correctness of this method. 

 
3.2 Hinged end–roller end beam subjected to uniform elec-

tric displacement 

The boundary conditions of the two longitudinal sides are 
 
( ) ( ) ( ) ( )

( ) ( )
1 2 3 4

E E E
1 2 20

0, 0, 0, 0

0, .

q x q x q x q x

q x q x q

= = = =

= =
 (93) 

The ends supported conditions are the same to Eq. (86). By 
using the solution method given above, the solutions are 

 
0, 0, 0xx zz xzσ σ σ= = =  (94) 

( ) ( )E E
20 202

,
2z x

q h z q L x x
D D

h Lh
− −

= =  (95) 

( ) ( )E 2
20 33 11

E
11 33

3 2 3

6

q L x x h z Lz

Lh

δ δ

δ δ

⎡ ⎤− + −⎣ ⎦Φ = −  (96) 

( )

( ) ( )

E 2E 3
20 11 31 33 1520 33

11 11 33

E E
20 11 31 33 15 33 33 20 33

11 33 33

3 2

3 3 2
.

6 2

q d d xq d xw
Lh h

q d d d Lx q d h z z
h h

δ δ
δ δ δ

δ δ δ
δ δ δ

+
= − +

+ − −
− +

 (97) 

 
We can confirm that Eqs. (94)-(97) satisfy Eqs. (93) and 

(86). The expression for u  are very length and will not list 
here for concise. It is noted that when piezoelectric beam 
acted by uniform electrical displacement the components of 
w  arise but the components of stress equate to zero, which 
can be utilized for deformation control. 

 
3.3 Fixed end–free end beam subjected to uniform shear 

force 

The boundary conditions of the two longitudinal sides are 
 
( ) ( ) ( ) ( )

( ) ( )
1 2 3 4 40

E E
1 2

0, 0, 0,

0, 0.

q x q x q x q x q

q x q x

= = = =

= =
 (98) 

 
The boundary conditions of two ends of beam are 
 

( ) ( )

( ) ( )

0 0 0E
0 0 00

0

2 2
0 0

2 2

2 2
0

2 2

d0, 0, 0, 0
d

0, 0

0, 0.

x x x
z z zx

z

h h

h hxz xxx x

h h

h hxx xx L x

wu w
x

dz dz

zdz D dz

σ σ

σ

= = =
= = ==

=

= =− −

= =− −

= = = Φ =

= =

= =

∫ ∫

∫ ∫

 (99) 

 
The solutions are 
 

( )( )

( )( )

40
2

40
2

6
, 0

6 2
4

xx zz

xz

q h z L x
h

q h z h z
h

σ σ

σ

− −
= − =

+ −
= −

 (100) 

( )( )( )40 33 15 11 31
2

33

6 2
0,

4z x

q d d h z h z
D D

h
δ δ

δ
+ + −

= =  (101) 

( )2 2 2
40 31

E 2
33

12 4 12 4

4

q d xz hxz h x Lx Lhz

h δ

− − − +
Φ = −  (102) 

( )( )

( )( )( )

2 2
40 11 33 31

2
33

40 11 33 31 33
2

33

3

3
.

q s d L x x
w

h
q s d d h z L x z

h

δ

δ
δ

δ

− −
= −

− − −
−

 (103) 
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We can confirm that Eqs. (100)-(103) satisfy Eqs. (98) 
and (99). 

 
3.4 Fixed end–fixed end beam subjected to uniform shear 

force 

The boundary conditions of the two longitudinal sides are 
 

( ) ( ) ( ) ( )
( ) ( )

1 2 3 4 40

E E
1 2

0, 0, 0,

0, 0.

q x q x q x q x q

q x q x

= = = =

= =
 (104) 

 
The boundary conditions of two ends of beam are 
 

( ) ( )

0 0
0 0 0 0

0E
00

0 0

2 2
0

2 2

0, 0, 0, 0

d d0, 0, 0
d d

0, 0.

x x x L x L
z z z z

x
zx x L

z z

h h

h hx xx x L

u w u w

w w
x x

D dz D dz

= = = =
= = = =

=
== =

= =

= =− −

= = = =

= = Φ =

= =∫ ∫

 (105) 

 
The solutions are 
 

( ) ( )40 402 2
, 0,

2 2xx zz xz

q L x q h z
h h

σ σ σ
− −

= − = =  (106) 

( )40 11 31 33 15

33

0,z x

q d d z
D D

h
δ δ

δ
+

= = −  (107) 

( )40 11 31 33 15 31 11
E

11 33

2
2

q d Lz d hx d xz
h

δ δ δ
δ δ

− −
Φ = −  (108) 

( )( )40 11 33 31 33

33

2
.

2
q s d d L x z

w
h

δ
δ

− −
= −  (109) 

 
We can confirm that Eqs. (106)-(109) satisfy Eqs. (104) 

and (105). 
 

3.5 Fixed end–roller end beam subjected to linear shear 
force 

The boundary conditions of the two longitudinal sides are 
 
( ) ( ) ( ) ( )

( ) ( )

E
1 2 3 1

E
4 40 41 2

0, 0, 0, 0

, 0.

q x q x q x q x

xq x q q q x
L

= = = =

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

 (110) 

 
The boundary conditions of two ends of beam are 
 

( ) ( )

( ) ( )

0 0
0 0 0

0E
00

0

2 2

2 2

2 2
0

2 2

0, 0, 0

d 0, 0
d

0, 0

0, 0.

x x x L
z z z

x
zx

z

h h

h hxx xxx L x L

h h

h hx xx x L

u w u

w
x

dz zdz

D dz D dz

σ σ

= = =
= = =

=
==

=

= =− −

= =− −

= = =

= Φ =

= =

= =

∫ ∫

∫ ∫

 (111) 

The numerical results for distribution of xxσ  and xzσ  in 
whole piezoelectric beam are given in Fig. 2(a) and (b), re-
spectively, with loads parameters taken as 41 40 10Paq q= = − . 

It is noted from Fig. 2(a) the max value of xxσ  take place 
near the region of coordinate (0, 0.01). But for xzσ , the max 
value arises near the region of 0.01z = . 

 
3.6 Fixed end–hinged end beam subjected to quadratic elec-

tric displacement 

The boundary conditions of the two longitudinal sides are 
 
( ) ( ) ( ) ( )

( ) ( )

1 2 3 4

2
E E E E E
1 2 20 21 22

0, 0, 0, 0

0, .

q x q x q x q x

x xq x q x q q q
L L

= = = =

⎛ ⎞ ⎛ ⎞= = + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (112) 

 
The boundary conditions of two ends of beam are 
 

( )

( ) ( )

0 0
0 0 0 0

2
0E
00 2

0

2 2
0

2 2

0, 0, 0, 0

d 0, 0, 0
d

0, 0.

x x x L x L
z z z z

h

x h xx x Lzx
z

h h

h hx xx x L

u w u w

w zdz
x

D dz D dz

σ

= = = =
= = = =

= =−==
=

= =− −

= = = =

= Φ = =

= =

∫

∫ ∫

 (113) 

 
The numerical results for distribution of w  and u  in 

whole piezoelectric beam are given in Fig. 3(a) and (b), re-
spectively, with loads parameters taken as E E E

20 21 22q q q= = =  4 210 C m− . 
We can find from Fig. 3(a) that the max value of w  do not 

arises at the center of the beam and also not the bottom and 
upper surface of the beam. As to the distribution of u , the 
change interval of its value are the same to w , but the max 
value of u  take place at the borderline of the beam. 

 
(a) 

 

 
(b) 

 
Fig. 2. Distribution of xxσ  and xzσ  for whole piezoelectric beam. 
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3.7 Fixed end–fixed end beam subjected to uniform pressure 
force 

The boundary conditions of the two longitudinal sides are 
 
( ) ( ) ( ) ( )

( ) ( )
1 2 3 30 4

E E
1 2

0, 0, , 0

0, 0.

q x q x q x q q x

q x q x

= = = =

= =
 (114) 

 
The ends supported conditions are the same to Eq. (105). 

The numerical results for distribution of xD  and zD  in 
whole piezoelectric beam are given in Fig. 4(a) and (b), re-

spectively, with loads parameters taken as 30 10Pa.q = −  
Comparing Fig. 4(a) with (b), the distribution rule of xD  

and zD  is totally different. The distribution of xD  can be 
regarded as antisymmetry with respect to the center position 
( )0.05, 0  of beam. The distribution of zD  can be treated as 
antisymmetry against the axis line 0z =  of the beam. 

 
4. Conclusions 

The formulae presented in this paper can consider piezo-
electric plane beam subjected to arbitrary mechanical and 
electrical loads with various ends supported conditions. Com-
paring this general method with traditional trial-and-error 
method, the most advantage is it can obtain the exact solutions 
directly and does not need to guess and modify the form of 
stress function or electrical displacement function. Examples 
show the correctness and generalization of this method. 

 
References 

[1] A. Benjeddou, Advances in piezoelectric finite element 
modeling of adaptive structural elements a survey, 
Computers and Structures, 76 (2) (2000) 347-363. 

[2] D. A. Saravanos and P. R. Heyliger, Mechanics and 
computational models for laminated piezoelectric beams 
plates and shells, Applied Mechanics Reviews, 52 (10) 
(1999) 305-320. 

[3] H. A. Irschik, Review on static and dynamic shape control of 
structures by piezoelectric actuation, Engineering Structures, 
24 (7) (2002) 5-11. 

[4] D. J. Huang, H. J. Ding and W. Q. Chen, A unified solution 
for an anisotropic functionally graded piezoelectric beam 
subject to sinusoidal transverse loads, Journal of Intelligent 
Material Systems and Structures, 20 (8) (2009) 1401-1414. 

[5] D. J. Huang, H. J. Ding and W. Q. Chen, Static analysis of 
anisotropic functionally graded magneto-electro-elastic 
beams subjected to arbitrary loading, European Journal of 
Mechanics A/Solids, 29 (12) (2010) 356-369. 

[6] D. J. Huang, H. J. Ding and W. Q. Chen, Analysis of 
functionally graded and laminated piezoelectric cantilever 
actuators subjected to constant voltage, Smart Materials and 
Structures, 17 (9) (2008) 1-10. 

[7] D. J. Huang, H. J. Ding and W. Q. Chen, Analytical solution 
for functionally graded magneto-electro-elastic plane beams, 
International Journal of Engineering Science, 45 (12) (2007) 
467-485. 

[8] T. T. Zhang and Z. F. Shi, Bending behavior of 2-2 multi-
layered piezoelectric curved actuators, Smart Materials and 
Structures, 16 (3) (2007) 634-641. 

[9] Z. F. Shi, Bending behavior of piezoelectric curved actuator, 
Smart Materials and Structures, 14 (1) (2005) 835-842. 

[10]   H. J. Xiang and Z. F. Shi, Electrostatic analysis of 
functionally graded piezoelectric cantilevers, Journal of 
Intelligent Material Systems and Structures, 18 (2) (2007) 7-
19. 

[11]   Z. F. Shi, H. J. Xiang and B. F. Spencer, Exact analysis of 

 
(a) 

 

 
(b) 

 
Fig. 3. Distribution of w  and u  for whole piezoelectric beam. 

 

 
(a) 

 

 
(b) 
 

Fig. 4. Distribution of xD  and zD  for whole piezoelectric beam. 
 



 L. Zang et al. / Journal of Mechanical Science and Technology 25 (7) (2011) 1823~1835 1835 
 

  

multi-layer piezoelectric/composite cantilevers, Smart 
Materials and Structures, 15 (9) (2006) 1447-1458. 

[12]   Y. Chen and Z. F. Shi, Exact solutions of functionally 
gradient piezothermoelastic cantilevers and parameter 
identification, Journal of Intelligent Material Systems and 
Structures, 16 (1) (2005) 531-539. 

[13]   H. J. Xiang and Z. F. Shi, Static analysis for multi-layered 
piezoelectric cantilevers, International Journal of Solids and 
Structures, 45 (9) (2008) 113-128. 

[14]   T. Yu, Z. Zhong, Bending analysis of a cantilever 
piezoelectric functionally graded beam, Science in China 
Series G: Physics, Mechanics & Astronomy, 50 (1) (2007) 
97-108. 

[15]   D. J. Huang, H. J. Ding and H. M. Wang, Analytical 
solution for fixed-end orthotropic beams subjected to 
uniform load, Journal of Zhejiang University (Engineering 
Science), 40 (3) (2006) 511-514. 

 
Appendix 

 

( )
( ) ( )

( )

( )

( )

2
31 11 33

11
33 15 33 31 11

13 44 33 31 15 33
12

33 15 33 31 11

33 33
13

33 15 33 31 11

33
14

33 15 33 31 11

2

d sa
d d d

s s d d d
a

d d d
sa

d d d

a
d d d

δ
δ δ

δ
δ δ

δ
δ δ

δ
δ δ

⎧ −
=⎪ − +⎪

⎪ + + −
⎪ = −

− +⎪
⎨
⎪ = −⎪ − +
⎪
⎪

=⎪ − +⎩

 (A1) 

( )
( )

( ) ( )
( )

( )

( )

11 11 31 15 33
21

33 15 33 31 11

2
13 44 11 15 33

22
33 15 33 31 11

33 11
23

33 15 33 31 11

11
24

33 15 33 31 11

2

s d d d
a

d d d

s s d d
a

d d d
sa

d d d

a
d d d

δ
δ δ

δ
δ δ

δ
δ δ

δ
δ δ

⎧ + −
=⎪ − +⎪

⎪ + − −⎪ =
⎪ − +
⎨
⎪ =⎪ − +⎪
⎪

= −⎪ − +⎩

 (A2) 

( ) ( )

( ) ( )

( ) ( )

3 23
31 11 31 21 1 13 31 22 1 31

1

3 23
32 11 31 21 2 13 31 22 2 31

2

3 23
33 11 31 21 3 13 31 22 3 31

3

aa s d a s d a d

aa s d a s d a d

aa s d a s d a d

λ λ
λ

λ λ
λ

λ λ
λ

⎧
= − + − −⎪

⎪
⎪⎪ = − + − −⎨
⎪
⎪

= − + − −⎪
⎪⎩

 (A3) 

( )

( )

( )

2 23
41 13 33 21 1 33 33 22 33 2

1

2 23
42 13 33 21 2 33 33 22 33 2

2

2 23
43 13 33 21 3 33 33 22 33 2

3

aa s d a s d a d

aa s d a s d a d

aa s d a s d a d

λ
λ

λ
λ

λ
λ

⎧
= − + − −⎪

⎪
⎪⎪ = − + − −⎨
⎪
⎪

= − + − −⎪
⎪⎩

 (A4) 

( )

( )

( )

2 23
51 15 11 21 1 11 22 11 2

1

2 23
52 15 11 21 2 11 22 11 2

2

2 23
53 15 11 21 3 11 22 11 2

3

aa d a a

aa d a a

aa d a a

δ λ δ δ
λ

δ λ δ δ
λ

δ λ δ δ
λ

⎧
= − + − −⎪

⎪
⎪⎪ = − + − −⎨
⎪
⎪

= − + − −⎪
⎪⎩

 (A5) 

( ) ( )

( ) ( )

( ) ( )

3 23
61 31 33 21 1 33 33 22 1 33

1

3 23
62 31 33 21 2 33 33 22 2 33

2

3 23
63 31 33 21 3 33 33 22 3 33

3

aa d a d a

aa d a d a

aa d a d a

δ λ δ λ δ
λ

δ λ δ λ δ
λ

δ λ δ λ δ
λ

⎧
= − + − −⎪

⎪
⎪⎪ = − + − −⎨
⎪
⎪

= − + − −⎪
⎪⎩

 (A6) 

2 23
71 21 1 22 2

1

2 23
72 21 2 22 2

2

2 23
73 21 3 22 2

3

aa a a

aa a a

aa a a

λ
λ

λ
λ

λ
λ

⎧
= + +⎪

⎪
⎪⎪ = + +⎨
⎪
⎪

= + +⎪
⎪⎩

 (A7) 

( )
( )

( )
( )

( )
( )

( )
( )

1 1 3 1 3 1 1 3 1 3
81 80 82 80

2 1 2 2 1 2

1 1 3 1 3 1 1 3 1 3
84 80 83 80

2 1 2 2 1 2

1 1 163 1 61 3 2 2
80 85 86

62 1 61 2 1 2 1 2

,

,

2 2, ,

a a a a

a a a a

a aa a a
a a

λ λ λ λ λ λ
λ λ λ λ λ λ

λ λ λ λ λ λ
λ λ λ λ λ λ

λ λ λ λ
λ λ λ λ λ λ

+ −⎧
= − = −⎪ + +⎪

⎪ + −⎪ = − = −⎨ − −⎪
⎪ −⎪ = = =

− + −⎪⎩

 (A8) 

 
 

Zhang Lang received the B.E. and M.S. 
degrees in civil engineering from 
Logistical Engineering University, 
Chongqing, China in 2005 and 2007, 
respectively. He is currently a doctor 
candidate at the Department of 
Astronautical Science and Engineering, 
National University of Defense 

Technology. His research focuses on elastic analysis and con-
trol of piezoelectric structures. 

 
 
 


