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Abstract 
 
This paper addresses the description and kinematic analyses of a new non-redundant series-parallel manipulator. The primary feature 

of the robot is to have a decoupled topology consisting of a lower parallel manipulator, for controlling the orientation of the coupler plat-
form, assembled in series connection with a upper parallel manipulator, for controlling the position of the output platform, capable to 
provide arbitrary poses to the output platform with respect to the fixed platform. The forward displacement analysis is carried-out in 
semi-closed form solutions by resorting to simple closure equations. On the other hand; the velocity, acceleration and singularity analyses 
of the manipulator are approached by means of the theory of screws. Simple and compact expressions are derived here for solving the 
infinitesimal kinematics by taking advantage of the concept of reciprocal screws. Furthermore, the analysis of the Jacobians of the robot 
shows that the lower parallel manipulator is practically free of singularities. In order to illustrate the performance of the manipulator, a 
numerical example which consists of solving the inverse/forward kinematics of the series-parallel manipulator as well as its singular 
configurations is provided.    
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1. Introduction 

A series-parallel manipulator, term proposed by Zoppi et al. 
[1], is a mechanism composed by two parallel manipulators 
assembled in series connection, and represents a viable option 
to overcome the complex forward kinematics of the Gough-
Stewart platform [2]. In fact, while the forward displacement 
analysis of the general hexapod yields a 40-th univariate poly-
nomial equation [3, 4], which implies a high computational 
complexity, all solutions of the same analysis stem from two 
8-th univariate polynomial equations, see for instance Gal-
lardo-Alvarado et al. [5], for most series-parallel manipulators. 
The series-parallel manipulator proposed in this work is in-
spired on the well-known 3-RPS parallel manipulator, where 
R, P and S stand for revolute, prismatic, and spherical joints, 
respectively. The 3-RPS robot belongs to the class known as 
zero-torsion mechanisms [6, 7] and its mobility was investi-
gated by means of the theory of screws by Dai et al. [8]. This 
limited-dof parallel manipulator was introduced almost three 
decades ago by Hunt [9] and even though its limited mobility, 
two rotations plus one translation, it has been the motive of an 
exhaustive and fruitful research field which can be used, as it 
is proposed by Waldron et al. [10], as part of a series-parallel 
manipulator. Other applications include micromotion parallel 

manipulators [11], biomechanical devices like the ankle [12], 
multi-axis manufacturing cells [13], partially decoupled robots 
[14, 15], the development of a class of hyper-redundant ma-
nipulators [16, 17] and so on.  

On the other hand, it is interesting to note that a series-
parallel manipulator with different performance can be ob-
tained by changing the sequence of its kinematic pairs. In that 
way Lu et al. [18] approached the kinematics and statics of an 
inversion of the 2(3-RPS) robot. 

This work introduces a new six-degrees-of-freedom non-
redundant spatial series-parallel manipulator, in other words a 
robot where the number of degrees of freedom is equal to the 
six-dimensional task space. Naturally the number of available 
motors or generalized coordinates is also equal to the degrees 
of freedom of the proposed robot. 

 
2. Description of the robot  

The proposed robot, see Fig. 1, consists of a lower parallel 
manipulator (LPM) and an upper parallel manipulator (UPM) 
connected to each other through ‘compound joints’ attached to 
a coupler platform (body 2). A compound joint results from 
the combined action of a revolute joint covering a spherical 
joint where the revolute axis intersects the center of the 
spherical joint. 

The LPM is a 3-PPS parallel manipulator where the kine-
matic pairs connecting the limbs to the fixed platform (body  
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1) are circular-prismatic joints, which can also be simulated as 
revolute joints, while the UPM is a 3-RPS parallel manipula-
tor containing the output platform (body 3) of the robot. The 
revolute joints mounted on the coupler platform have a tan-
gential arrangement shaping an equilateral triangle of side e, 
whereas another equilateral triangle of side g is formed with 
the centers of the spherical joints mounted on the output plat-
form. Lower links of length h move on circular trajectories of 
radius r about the center O1 of the fixed platform. Furthermore, 
each lower link is connected to the coupler platform by means 
of an inclined PS-type kinematic chain where the angle Θ, 
measured from the plane of the fixed platform to the variable 
rod, is the same for the three PS limbs which implies that the 
lines along them intersect a common point Q. The proposed 
series-parallel manipulator, using the Chebychev-Grübler-
Kutzbach criterion [19], is capable to realize six degrees of 
freedom which are explained as follows. The LPM can be 
treated as a modification of the 3-RPS parallel manipulator 
where the moving platform, here called coupler platform, can 
undergo arbitrary orientations followed by parasitic transla-
tions, an unusual application of a zero-torsion parallel manipu-
lator. The LPM is similar to the 3-RRPS six-degrees-of-
freedom parallel manipulator investigated in Alizade et al. 
[20] where each of its limbs is a mechanical generator. How-
ever the reduction of kinematic pairs and the arrangement of 
revolute joints with collinear axes intersecting a common 
point in order to generate a subgroup of the Euclidean group 
E(3) is a novel proposition of the contribution. On the other 
hand, the UPM is a classical 3-RPS tangential parallel ma-
nipulator whose moving platform, hereafter called output plat-
form, can undergo arbitrary displacements accomplished by 
parasitic rotations. Therefore it is evident that the orientation 
and position of the output platform, with respect to the fixed 
platform, of the series-parallel manipulator under study are 

controlled, respectively, by means of the lower and upper 
parallel manipulators. The concept is simple but effective, 
(arbitrary orientation + parasitic translation) + (arbitrary dis-
placement + parasitic orientation) = series-parallel manipula-
tor with decoupled kinematics. 

 
3. Finite kinematics of the robot 

Let XYZ be a reference frame attached at the center O1 of 
the fixed platform, and let xyz be a moving reference frame 
attached at the center O3 of the output platform. The forward 
position analysis of the proposed mechanism is formulated as 
follows: given the generalized coordinates { , }ii

q q , in the 
remainder of the contribution i = 1, 2, 3; compute the pose of 
the output platform with respect to the fixed platform. A strat-
egy to approach this analysis consists of determining firstly 
the coordinates of the centers Ci of the spherical joints at-
tached at the coupler platform. To this end, consider that the 
position vectors Ci of such points can be obtained, see Fig. 1, 
as  

 
ˆ

i i i i
d= + +C A h u  (1) 

 
where ˆˆsin( ) sin( )i i i i

r q i r q k= = +rA  is the position vector 
of the nominal point Ai of the i-th lower link, ˆhj=h  and 

) ˆˆ ˆˆ cos( )sin( sin( ) cos( )cos( )i i i
Θ q i Θ j Θ q k−= + −u  is the unit 

vector along the i-th PS kinematic chain. Clearly, nine linear 
equations in twelve unknowns can be obtained upon expres-
sions (1). In order to complete the number of equations, con-
sider that the equilateral triangle ΔC1C2C3 brings three non-
linear equations as follows: 

 
2( ) ( ) , 1, 2, 3 mod(3)i j i j e i j•− − = =C C C C  (2) 

 
where the dot (•) denotes the inner product of the usual three-
dimensional vectorial algebra. After a few computations, Eqs. 
(1) and (2) are reduced into a non-linear system of three equa-
tions in the unknowns di as  

 
2 2

1 2 3 4 5 6
0

, 1, 2, 3 mod(3)

i i i i i i
i j i j i j

K d K d K d d K d K d K

i j

+ + + + + =

=
 (3) 

 
where the coefficients ( 1,2, ,6)i

j
K j = …  are computed 

according to the lower generalized coordinates 
i

q  and pa-
rameters of the mechanism. Expressions (3) are called the 
characteristic equations of the LPM. A systematic application 
of the Sylvester dialytic elimination method allows obtaining 
an 8-th univariate polynomial equation upon expressions (3) 
which indicates that the coupler platform can reach at most 
eight distinct poses with respect to the fixed platform. Once 
the coordinates of the centers Ci of the lower spherical joints 
are computed, solving Eqs. (3) and (1), the position vector 

2 1/O Or  of the center of the coupler platform expressed in the 
reference frame XYZ results in 

 
Fig. 1. The proposed series-parallel manipulator. 
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2 1/ 1 2 3( ) /3 .O O = + +r C C C                      (4) 
 
In what follows the coordinates of the centers of the spheri-

cal joints attached at the output platform, points Di located by 
vectors Di, will be computed. To this end, due to the tangential 
arrangement of the revolute joints mounted on the coupler 
platform it is possible to write 

 
( ) ( ) , , 1, 2, 3 mod(3) .i j k k 0 i j k•− − = =C C D C  (5) 
 

Furthermore, it is evident that the variable-length rods 
i

q  
must satisfy 
 

2 .( ) ( )i i i i i
q•− − =D C D C     (6) 

 
Finally, the equilateral triangle ΔD1D2D3 yields three compati-
bility kinematic constraint equations as 
 

2( ) ( ) , 1, 2, 3 mod(3) .i j i j i j•− − = =D D D D g  (7) 
 
The solution of the Eqs. (5)-(7) is a well-known mathemati-

cal procedure, see for instance Innocenti and Parenti-Castelli 
[21], and therefore it is unnecessary to include it here. Once 
the coordinates of points Di are calculated, the pose of the 
output platform, with respect to the fixed platform, can be 
considered as the homogeneous transformation matrix 1T3 
given by 

 

3 1

1 3
1 3 /

0 1

O O
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

=
R

T
r

 (8) 

 
where the rotation matrix 1R3 can be easily computed using 
the method introduced in Gallardo-Alvarado et al. [17], while 
the position vector 

3 1/O Or  of the center of the output platform, 
with respect to the fixed platform, is given by 
 

3 1/ 1 2 3( ) /3 .O O = + +r D D D  (9) 
 
On the other hand, the inverse position analysis consists of 

finding the generalized coordinates { , }
ii

q q  given the pose of 
the output platform with respect to the fixed platform, in other 
words given the rotation matrix 1R3 and the position vector 

3 1/ .O Or   
Using classical roll (γ), pitch (β) and yaw (α) angles, the ro-

tation matrix 1 3
γβα

R  between the output and fixed platforms 
is given by 

 

1 3

c c c s s s c c s c s s
s c s s s c c s s c c s

s c s c s
γβα

α β α β γ α γ α β γ α γ
α β α β γ α γ α β γ α γ
β β γ β γ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

− +
= + −

−
R  (10) 

 
where c* and s* are abbreviations for cos* and sin*, respec-
tively, and the subscript γβα denotes the order of the finite 

rotations. Furthermore, it is straightforward to show that 
 

1 3

3 1
i i O /Oγβα

∗= +RD D r  (11) 

 
where vector 

i
∗D  locates point Di but expressed in the mov-

ing reference frame xyz. 
After, the lower generalized coordinates iq , as well as the 

coordinates of the points Ci, are obtained by means of Eqs. (1), 
(2) and (5) whereas the upper generalized coordinates iq  are 
computed by means of Eq. (6).  

 
4. Infinitesimal kinematics 

Screw theory has been proved to be an excellent resource to 
investigate the kinematics of the 3-RPS parallel manipulator, 
see for instance [22-26], and therefore it is chosen as the 
mathematical tool to approach the velocity, acceleration and 
singularity analyses of the series-parallel manipulator. 

 
4.1 Velocity analysis 

Let 1 1 1;[ ] ( 1,2)k k k k k k T
O O k+ + += =ωV v  be the velocity state 

of the platform k+1 with respect to the platform k, where 
1k k+ω  and 1k k

O
+v  are the angular and linear velocities of the 

platform k+1 taking point O, which is instantaneously coinci-
dent with the origin O1 of the fixed reference frame XYZ, as 
the reference pole. Moreover, the six-dimensional vector 

1k k
O
+V  can be written in screw form, the infinitesimal screws 

are depicted in Fig. 1, as 
 

1 1 1k k k k k k
i i OΩ+ + +=J V  (12) 

 
where 1k k

i
+J  and 1k k

iΩ
+  are, respectively, the screw-

coordinate Jacobian matrix and the joint-rate velocity matrix 
of the indicated limb. For the LPM k= 1 and  
1 2 0 1 1 2 5 6[ $ $ $ ]i i i i

=J "  while 1 2
0 1 1 2 5 6[ ] .Ti i i

iΩ ω ω ω= "  
Similarly, for the UPM k = 2 and 0 1 1 2 5 62 3 [ $ $ $ ]i i i i

=J "  
whereas 2 3

0 1 1 2 5 6
[ ] .i i i T

iΩ ω ω ω= "  
It should be noted that the joint rates 0 1

i
i

qω = �  and 

2 3
i

i
qω = �  have the privilege to be chosen as the generalized 

speeds of the robot. Furthermore, the velocity state 1 3
O

V  of 
the output platform 

 
1 3 1 2 2 3

O O O
= +V V V  (13) 

 
where 1 2

O
V  is the velocity state of the coupler platform with 

respect to the fixed platform while 2 3
O

V  is the velocity state 
between the output and coupler platforms. 

The forward velocity analysis is formulated as follows: 
given the active joint rate velocities of the robot { , }

ii
q q�� , 

compute the angular and linear velocities of the center of the 
output platform. Using reciprocal screw theory [26, 27] the 
Input/Output equation of velocity between platforms 1 and 2 
results in 
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1 2 1 2 4 5 0 1 4 5 0 1 4 5 0 1
1 1 1 2 2 3 31 2 3

[ { $ ; $} { $ ; $ } { $ ; $ } 0 0 0]T T
O

q q q= =J Δ � � � �V Q  

 (14) 
 

therein 4 5 4 5 4 5 5 6 5 6 5 6
1 1 2 3 1 2 3

[ $ $ $ $ $ $ ]=J  is the active 
screw-coordinate Jacobian matrix of the LPM,  
 

⎡ ⎤
⎢ ⎥
⎣ ⎦

=
0 I

Δ
I 0

  

 
is partitioned into 3×3 blocks [28] so that 0 is the zero-matrix 
and I is the identity-matrix, and {*;*} denotes the Klein form 
of the Lie algebra e(3) of the Euclidian group E(3). Similarly, 
the input/output equation of velocity concerned with the ve-
locity state 2 3

OV  results in 
 

2 3 2 3
2 1 2 3

[ 0 0 0]T T
O

q q q= =J Δ � � � �V Q  (15) 

 
where 2 3 2 3 2 3 4 5 4 5 4 5

2 1 2 3 1 2 3
[ $ $ $ $ $ $ ]=J  is the 

active screw-coordinate Jacobian matrix of the UPM. Hence, 
assuming that the active Jacobian J1 and J2 are nonsingular 
then the velocity states 1 2

OV  and 2 3
OV  can be obtained, re-

spectively, by means of Eqs. (14) and (15) while the velocity 
state 1 3

OV  is computed from Eq. (13). On the other hand, the 
inverse velocity analysis consists of finding the generalized 
joint-rate velocities for a prescribed velocity state 1 3

OV . This 
analysis is carried-out by means of Eqs. (13)-(15). Further-
more, with these expressions it is possible to write a linear 
relationship between the input joint-rate velocities and the 
desired velocity 1 3

OV  as 
 

2
1 1 2 1 2 3 1 3

1
- .T T

O
+ =-[J Δ] [J Δ]� � VQ Q  (16) 

 
4.2 Acceleration analysis 

Let 1 1 1 1 1[ ; ]k k k k k k k k k k T
O O O O
+ + + + += − ×�A ω a ω v  (k = 1, 2) 

be the reduced acceleration state of the platform k+1 with 
respect to platform k, where 1k k +�ω  and 1k k

O
+a  are the 

angular and linear accelerations of the platform k+1 taking 
point O as the reference pole. Furthermore, the six-
dimensional vector 1k k

O
+A  can be written in screw form [29] 

as  
 

11 1 1kk k k k k k k
i i i O

++ + ++ =J � AΩ L  (17) 

 
where 1k k

i
+�Ω  is the joint-rate acceleration matrix of the in- 

dicated limb, 1 1k k k k
i i

d
dt

+ +=�Ω Ω , and 1kk
i
+L  is the Lie  

screw which is calculated as  
 

4 5
1 1

1 1
0 1

[ $ $ ]j ji i k k
i j j i k k i

j k j

ω ω+ +

+ +
= = +

∑ ∑=L  (18) 

where the brackets [*   *] denote the Lie product of the Lie 
algebra e(3) of the Euclidian group E(3). Naturally, underlines 
and overlines make the difference between the Lie screws of 
the upper and lower manipulators. Furthermore, the reduced 
acceleration state 1 3

O
A  of the output platform with respect to 

the fixed platform can be written as     
 

1 2 2 31 3 1 2 2 3 [ ]
O O O O O
= + +A A A V V  (19) 

 
where 1 2

O
A  is the reduced acceleration state of the coupler 

platform with respect to the fixed platform while 2 3
O

A  is the 
reduced acceleration state between the output and coupler 
platforms. 

The forward acceleration analysis is formulated as follows: 
given the active joint-rate accelerations { , }

i i
q q���� , compute the 

angular and linear accelerations of the center of the moving 
platform. Following the trend of the velocity analysis, the 
Input/Output equations of acceleration of the series-parallel 
manipulator result in 

 

2

4 5 0 1
1111

4 5 0 1
222 2

4 5 0 1
31 2 1 33 3

1
5 6

11

5 6
22

5 6
33

4 5
1 1 1

4 5
2 2 2

4 5
3 3 32 3 2

5 6
1 1

5 6
2 2

{ $ ; $ }

{ $ ; $ }

{ $ ; $ }

{ $ ; }

{ $ ; }

{ $ ; }

{ $ ; }

{ $ ; }

{ $ ; }

{ $ ; }

{ $ ;

T
O

T
O

q

q

q

q

q

q

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

+

+

+
= =

+

+

+
= =

J Δ

J Δ

��

��

����

��

��

��
��

A

A

2

3

Q

Q

L

L

L

L

L

L

L

L

L

L

L

5 6
3 3

}

{ $ ; }

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

⎡ ⎤ ⎬
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪
⎢ ⎥ ⎪

⎪⎣ ⎦ ⎭
L

. 

(20)

 
 
Hence, the reduced acceleration states 1 2

O
A  and 2 3

O
A  are 

obtained through Eq. (20) while the reduced acceleration state 
of the output platform with respect to the fixed platform, 1 3

O
A , 

is computed from Eq. (19). Once the six-dimensional vector 
1 3

O
A  is determined, the linear velocity and accelerations of 

point O are calculated by applying the concept of helicoidal 
vector field [30]. Finally, in order to solve the inverse accel-
eration analysis, or in other words with the purpose to com-
pute the active joint-rate accelerations of the robot, from Eqs. 
(19)-(20) it is possible to establish a linear relationship be-
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tween the required joint-rate accelerations and the prescribed 
reduced acceleration state 1 3

O
A  as follows: 

 

2
1 2 2 31 1 2 1 2 3 1 3

1
- - [ ]T T

OO O
+ + =[J Δ] [J Δ]�� �� V V AQ Q  (21) 

 
4.3 Singularity analysis 

The singularity analysis of the tangential 3-RPS parallel 
manipulator has been deeply investigated and therefore the 
singularity analysis here reported is devoted only to the LPM. 
To this aim Eq. (14) is rewritten as 

 
O =A Bq�V  (22) 

 
where 1 1 2 3

, [ 0 0 0]T Tq q q= =A J Δ q� � � �  and 
 

4 5 0 1
1 1

4 5 0 1
2 2

4 5 0 1
3 3

{ $ ; $ } 0 0 0 0 0

0 { $ ; $ } 0 0 0 0

0 0 { $ ; $ } 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

=B

.

 (23) 

 
According to Eq. (22) a singular configuration emerges 

when: i) matrix A is singular, namely singularity type 2 ii) 
matrix B is singular, namely singularity type 1 iii) A and B are 
both singular, namely singularity type 3. For details the reader 
is referred to Gosselin and Angeles [31]. 

Singularity type 2 is concerned with the forward kinematics 
of the robot. It is evident that matrix A is singular when the 
active Jacobian matrix J1 is singular. Hence, in order to inves-
tigate singularities type 2, the active Jacobian J1 is recalled 
here: 

 
4 5 4 5 4 5 5 6 5 6 5 6

1 1 2 3 1 2 3
[ $ $ $ $ $ $ ] .=J  (24) 

 
The detection of this type of singularity can be achieved by 

analyzing the dimension of matrix J1, clearly when dim(J1)<6. 
Consider for instance that if the elements of J1 are coplanar or 
concurrent then the rank of matrix J1 becomes deficient, how-
ever both situations, owing to topology of the LPM, are im-
possible because the screws 4 5 4 5 4 5

1 2 3
{ $ , $ , $ ,}  cannot be con-

current due to the tangential arrangement of the lower links 
and the screws 5 6 5 6 5 6

1 2 3
{ $ , $ , $ ,}  cannot be evidently coplanar 

due to the inclined angle Θ. Furthermore, if di = dj, i, j = 1, 2, 3, 
in other words if there are physical interferences between the 
lower links, then 4 5 4 5$ $

i j
=  and 5 6 5 6

1 2
$ $=  causing the sin-

gularity of the LPM. It is worth to note that if matrix A is sin-
gular, then det(A) = 0 which implies that the velocity state VO 
admits arbitrary values, and therefore the motions of the cou-
pler platform are uncontrollable. In fact, provided that det(A) 

= 0 and det(B) ≠ 0, there is not a one by one mapping, see Eq. 
(22), between the velocity state VO and the matrix q� . On the 
other hand, the singularity analysis in loci form, also known as 
the illness regions of the manipulator, can be achieved taking 
into account that det(A) = 0, however due to the lack of an 
exact solution concerned with the forward displacement 
analysis, the symbolic computation of such determinant is a 
hazardous task that is beyond the purpose of the contribution, 
a numerical approach is a viable option to compute the singu-
lar surfaces, if any. 

Singularity type 1 occurs when det(B) = 0. This undesirable 
situation emerges when any of the elements of the diagonal of 
the matrix B vanishes, in other words when the screws 
4 5 0 1$ and $

i i
, of course in the same limb, are reciprocal yield-

ing 4 5 0 1{ $ ; $ } 0
i i

= . The only possibility is present when any 
of three points Ci is located on the Y axis. 

Finally, if the vectors di are parallel, the screws 4 5$
i
 are 

coplanar, and point C1 is located on the Y axis, then det(A) = 
det(B) = 0 and the LPM is at a singular configuration type 3. 
However, due to the fact that the lower links are constrained to 
rotate about the same axis, then this possibility can be disre-
garded immediately. 

 
5. Case study 

In this section a numerical example is provided. Using 
hereafter SI units, the parameters of the robot are chosen as h 
= 0.19, r = 0.5, Θ = 0.7854, e = 0.433 and g = 0.2165. With 
these data the characteristic equations of the LPM result in 

 
2 2(0.7071 0.7071 0.5)cos( )

0.7071 0.7071 0.3125 0

, 1, 2, 3 mod(3) .

i j i j i j i j

i j i j

d d d d q q d d

d d d d

i j

+ − − − + +

− − − + =

=

 

 (25) 
 
With the purpose to show that the LPM is practically free of 

singularities, a Maple©sheet was implemented in order to 
compute the determinant of the active Jacobian matrix J1. To 
this aim, the ranges of the lower generalized coordinates are 
selected as 

1
/ 2 3 / 2qπ π≤ ≤ , 

2
6 /7 4 /3qπ π≤ ≤ , and 

3
11 / 6 2qπ π≤ ≤ . The numerical results obtained with com-
puter code confirm that none of the calculated determinants 
vanishes. 

The next part of the case study is concerned with inverse 
kinematics of the robot. To this end, consider that the center of 
the output platform is commanded to move according to an 
imposed trajectory given by  

 

3 1

2
/

ˆˆ ˆ0.15sin( ) 0.5sin( )cos ( ) 0.25sin( )
O O

t i t t j t k= − + +r   

 
whereas the instantaneous angles of the rotation matrix are 
selected as 20.5sin ( ), 0.1sin( )

X Y
Θ t Θ tγ β= = = = −  and 

0.25sin( )cos( )
Z

Θ t tα = = . After, in order to satisfy this task, 
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the required fluctuation of the generalized coordinates 
i

q  
and 

i
q  are given, respectively, in Fig. 2.   

The final part of the case study deals with the forward 
kinematics of the robot. Assuming that the generalized coor-
dinates are governed by periodical functions given by  

 

1 2

13

2 3

1.5708 0.25sin( ), 3.6652 0.125sin( ),

5.7596 0.4sin( ), 0.4574 0.1sin( ),

0.4574 0.05sin( ), 0.4574 0.1sin( )

q t q t

q t q t

q t q t

= − = +

= − = +

= + = +

  

 
where the interval for the time t is given by 0 < t < 2π, the 
exercise consists of finding the angular and linear kinematic 
properties of the center of the output platform up to the accel-
eration analysis. These results are shown in Fig. 3. Further-
more, the numerical results obtained via screw theory are 
compared with simulations generated with the aid of special 
software like ADAMS©. 

 
6. Discussion 

A typical 2(3-RPS) series parallel robot consists of two 3-
RPS parallel manipulators assembled in series connection 

having triangular and hexagonal moving platforms. It is evi-
dent that this manipulator possess important benefit such as 
better workspace and manipulability when it is compared with 
the 3-RPS parallel manipulator, however exhibits the follow-
ing limitations: i) the mobility should be reconsidered due to 
the fact that the orientation of the output platform cannot be 
arbitrary with respect to the coupler platform. A similar re-
striction exists between the coupler and fixed platforms ii) the 
combination of triangular and hexagonal platforms requires 
the introduction of several parameters in order to approach the 
displacement analysis iii) the bending moments acting on the 
coupler platform can affect the accuracy of the mechanism. 
Perhaps, the most critical of these drawbacks is concerned 
with the mobility of the robot. Although the Chebichev-
Kutzbach-Grübler criterion indicates that the 2(3-RPS) series-
parallel manipulator is capable to realize six degrees of free-
dom, it should be noted that Dai et al. [8] proved that in a 3-
RPS tangential parallel manipulator a basis representing the 
motions of the moving platform, with respect to the fixed plat-
form, consists of three elements, two nonparallel coplanar 
rotations, and one translation along an axis normal to the plane 
of the moving platform. According to this basis, the platform 
2 of the robot cannot rotate with respect to the platform 1 

 

 
 
Fig. 2. Time history of the fluctuations of the generalized coordinates. 
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along an axis normal to the plane of the coupler platform. It is 
straightforward to demonstrate that such argument is also 
valid for the platforms 3 and 2. In fact, the output platform has 
one rotation restricted with respect to the coupler platform.  

Certainly, since the angular velocity vector of the output 
platform, with respect to the fixed platform, can be obtained 
through the coupler platform as the vector sum 1ω3= 1ω2 + 2ω3, 
where the vectors 1ω2 and 2ω3 are located, respectively, in the 
planes of the coupler and output platforms, in a glance a natu-
ral assumption is that the vector 1ω3 can be arbitrary dealing 
with the inverse kinematics of the robot, excepting the case 
where the planes of the output and coupler platforms are paral-
lel. However, it must be noted that given an arbitrary pose of 
the output platform with respect to the fixed platform, the pose 
of the coupler platform cannot be arbitrary due to the con-
straints imposed by the revolute joints. In fact, there at most 
eight distinct poses of the coupler platform given the pose of 
the output platform. 

Concluding this section, in a classical 2(3-RPS) series-
parallel manipulator the output platform can perform a desired 
orientation if: i) the coupler platform can reach one of the 
eight available poses associated to the inverse position analy-
sis, of course imaginary and singular solutions are disregarded 
ii) the motion of the output platform does not produce rota-
tions normal to the planes of the output and coupler platforms. 
If any of these conditions is not fulfilled, the required motion 

of the output platform cannot be achieved by the robot. 

 
7. Conclusions 

In this work a series-parallel manipulator capable to realize 
six degrees of freedom in the general Cartesian task space is 
introduced. Unlike the 2(3-RPS) robot, the manipulator here 
proposed admits arbitrary orientations of the output platform 
with respect to the fixed platform. The lower mechanism is a 
3-PPS parallel manipulator where the kinematic pairs connect-
ing the limbs to the fixed platform are prismatic joints moving 
on circular trajectories about the center of the fixed platform 
while the PS-type limbs are inclined kinematic chains where 
the lines along the limbs intersect a common point. These 
characteristics allow the coupler platform to reach arbitrary 
orientations, followed by parasitic translations, with respect to 
the fixed platform. On the other hand, the upper parallel ma-
nipulator is a tangential 3-RPS parallel manipulator in which 
the output platform can reach arbitrary positions, followed by 
parasitic orientations, with respect to the coupler platform. 
The result of connecting a spherical parallel manipulator with 
parasitic translations with a translational parallel manipula-
tor with parasitic rotations is a non-redundant six degrees-of-
freedom series-parallel manipulator. In fact, in the proposed 
robot the orientation and position of the output platform, with 
respect to the fixed platform, are controlled, respectively, by 

                            Using screw theory                       Using ADAMS© 

 
 
Fig. 3. Time history of the forward kinematics of the center of the moving platform. 
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means of the lower and upper parallel manipulators and there-
fore the proposed robot belongs to the class known as robots 
with decoupled kinematics. As far as the authors are aware, 
this type of series-parallel manipulator has not been consid-
ered in previous works, even though the 3-RPS parallel ma-
nipulator was introduced almost three decades ago. 

In order to show the performance of the proposed robot, a 
case study was included. The numerical example covered the 
following subjects of the kinematic analysis: i) computation of 
the characteristic equations ii) detection of singularities type 2 in 
the lower parallel manipulator using a numerical approach. The 
numerical results of this point ensure that the case study is free 
of singularities associated with the forward kinematics, all the 
solutions of the forward displacement analysis were taken into 
account iii) dealing with the inverse kinematics, the most inter-
esting characteristic of the robot, several arbitrary poses, posi-
tions and orientations in the form of periodical functions, were 
assigned to the output platform and in all the cases the robot can 
fulfill the required tasks. Only one of these cases is explained in 
section 5 iv) with the purpose to exemplify the forward kine-
matics, periodical functions were assigned to the generalized 
coordinates in order to compute the angular and linear kine-
matic properties of the center of the output platform. Further-
more, these results were successfully compared with simula-
tions generated with the aid of special software like ADAMS©. 

Finally, the virtual model realized with ADAMS© shows 
that the workspace of the series-parallel manipulator is limited 
only by the possible mechanical interference between the links 
of the robot. 
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