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Abstract 

 

The dynamic response of a turbulent premixed flame to acoustic velocity perturbations was experimentally deter-

mined in a swirl-stabilized lean-premixed gas turbine combustor. CH* chemiluminescence intensity and the two-

microphone method were used to measure heat release rates and inlet velocity fluctuations, respectively. Using the n-τ 

formulation, gain and phase of flame transfer functions were incorporated into an analytic thermoacoustic model to 

predict instability frequencies and modal structures. Self-excited instability measurements were performed to verify 

eigenfrequencies predicted by the thermoacoustic model. Instability frequency predicted by the model is supported by 

experimental results. Results show that the self-excited instability frequency of ~ 220 Hz results from the fact that the 

flames amplify flow perturbations with f = 150 ~ 250 Hz. The other instability frequency of ~ 350 Hz occurs because 

the whole combustion system has an eigenfrequency corresponding to the ¼-wave eigenmode of the mixing section.  
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1. Introduction 

In order to meet strict emission regulations, lean-

premixed, pre-vaporized (LPP) technology has been 

adopted for many industrial applications because it 

reduces the maximum flame temperature, leading to 

significant reduction of thermal NOx. Unfortunately, 

lean premixed flames are susceptible to combustion 

instability. Combustion instability generally refers to 

the periodic, high-amplitude pressure fluctuations in a 

combustion chamber due to the resonant coupling 

between the system acoustics and the unsteady heat 

release. Combustion instability is by nature related to 

the energy conversion of thermal to acoustic energy, 

leading to a self-excited feedback loop. These high 

amplitude pressure oscillations can substantially re-

duce performance of a system, and can also destroy 

part of engines. A number of experimental, theoreti-

cal, and numerical studies have been performed to 

identify and understand underlying instability driving 

mechanisms, and also to predict and control the oc-

currence of instabilities [1-3]. It is still difficult to 

accurately predict instability characteristics at the 

development stage, however. The response of flames 

to flow perturbations caused by the pressure waves in 

a combustor is critical information in the theoretical 

description of combustion-induced oscillations. 

For a perfectly premixed flame, the response of a 

flame can be determined by means of the flame trans-

fer function, where the input function is acoustic ve-

locity fluctuation and the output function is heat re-

lease rate oscillation. In general, the flame transfer 

function is expressed by the ratio of the fluctuating 

components of output to the input functions, normal-

ized by their corresponding time-averaged values: 
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The flame transfer function can be obtained by ex-

perimental methods [4-7], theoretical approaches [8-

10], and unsteady CFD calculations [11-13]. Experi-

mental determination of forced flame response is 

reliable, and it is also required to validate FTF derived 

theoretically and numerically. 

Experimental investigations of the response of a 

turbulent flame to inlet velocity oscillations and/or 

equivalence ratio fluctuations have confirmed the 

underlying mechanisms for nonlinear response and 

the dynamics of forced flames with respect to changes 

in inlet operating conditions [4-7]. Applications of 

FTF measurements to prediction of eigenfrequencies 

and modal structures of self-excited instabilities have 

been explored [14, 15]. If the FTF were available, 

then reduced-order flame response models could be 

used to predict the onset of instabilities [16, 17]. The 

FTF can also be used in thermoacoustic network 

modeling, where the FTF provides a source term, i.e., 

unsteady heat release in a combustion chamber. Poin-

sot & Veynante [18] described a general method for 

one-dimensional thermoacoustic modeling to predict 

eigenfrequency and corresponding eigenmode. 

In the present paper, a methodology to predict self-

induced instability frequency in a lean-premixed gas 

turbine combustor is described. Flame transfer func-

tions of a turbulent premixed flame are experimen-

tally determined. The gain and phase of the FTF are 

mathematically formulated by using the n-τ model, 

and they are incorporated into a theoretical ther-

moacoustic model to predict eigenfrequencies and 

modal structures. Predicted eigenfrequencies are vali-

dated by self-excited flame response measurements. 

Analytic thermoacoustic modeling and experimental 

determination of FTF are utilized to interpret self-

induced pressure oscillations observed in a lean-

premixed, gas turbine combustor. 

  

2. Experimental methods 

Fig. 1 shows a schematic of a lean-premixed, vari-

able-length, gas turbine combustor facility, used in 

these experiments. This facility consists of an air inlet 

section, a siren, a mixing section, an optically-

accessible quartz combustor section, a steel combust-

or section, and an exhaust section. A siren-type 

modulation device is used to provide acoustic modu-

lations. The siren is driven by a variable-speed DC 

motor, thus providing capabilities for changing forc-

ing frequency (~ 400 Hz). The amplitude of acoustic 

velocity perturbation (V’/Vmean) can be varied by con-

trolling the relative amount of air/fuel flow through 

the modulating device. At the entrance to the mixing 

section the flow is choked. This provides a well-

defined acoustic boundary condition for self-excited 

flame response measurements. For forced flame re-

sponse measurements, the choking plate is removed 

and mounted upstream of the siren. The fuel is in-

jected and mixed far upstream of the choked inlet to 

create spatially and temporally homogeneous reactant 

mixtures before they enter a reaction zone. 

The combustor consists of a stainless steel dump 

plane, to which an optically accessible fused-silica 

combustor with a 109.2 mm-diameter and 334.8 mm-

length is attached. The downstream end of the quartz 

combustor is connected to a stainless steel variable-

length combustor section. The length of the combus-

tor can be continuously varied between 762 mm and 

1524 mm by moving a water-cooled plug along the 

length of the steel combustor section. The overall 

combustor length is defined as the distance from the 

combustor dump plane to the plug. Detailed dimen-

sions are included in Fig. 1. 

PCB 112A04 piezoelectric transducers with charge 

amplifiers are used to measure unsteady pressure 

perturbations in the mixing and the combustor sec-

tions. Two pressure transducers located at 12.7 mm 

and 50.8 mm upstream of the combustor dump plane 

are used to estimate the inlet velocity fluctuations 

using the two-microphone method [19, 20]. To cali-

brate the two-microphone method, direct measure-

ments of velocity fluctuations are performed under 

cold flow conditions with a TSI 1210-20 const-ant 

temperature hot wire anemometer. A photomultiplier 

tube (PMT, Hamamatsu model H7732-10) is used to  

 

 

 
 
Fig. 1. Schematic of a swirl-stabilized, lean-premixed, gas 

turbine combustor. Dimensions in millimeters. 
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measure the global CH* (432 ± 5 nm) chemilumines-

cence emission intensities from a whole flame. An 

ICCD camera (Princeton Instruments model 576G) 

with a CH* band pass filter centered at 430 nm (10 

nm FWHM) is used to record the flame images. For 

phase-averaged imaging, the ICCD camera is syn-

chronized with the combustor pressure signal and 

fifty averaged images are taken over a cycle of oscil-

lation with a phase interval of 30°. The phase angle φ 

= 0° corresponds to the positive-to-negative zero tran-

sition, and φ = 270° to the maximum combustor pres-

sure. The field of view of the photomultiplier and the 

ICCD camera is such that they cover the entire com-

bustion zone, and it is ensured that the PMT views the 

same region. A three-point Abel deconvolution pro-

cedure is used to reconstruct the two-dimensional 

structure of the flame from the line-of-sight integrated 

CH* chemiluminescence images. 

All tests were performed at a mean pressure of 1 

atm and at mean equivalence ratios ranging from 0.55 

to 0.70. The range of equivalence ratio represents 

typical values of equivalence ratio in real lean-

premixed gas turbine engines. For the present study, 

modulation frequencies were varied from 100 to 400 

Hz, which includes self-sustained instability frequen-

cies observed in the rig, shown in Fig. 1. To reduce 

the influence of the system’s acoustics on upstream 

forcing, the combustor length was kept the shortest, 

0.584 m. At this condition, resonance frequency of 

the system is much higher than the forcing frequency 

and therefore the resonant effects are minimized. The 

fuel was pure natural gas or a mixture of natural gas 

and H2 by volume. The full list of operating condi-

tions and fuel compositions is given in Table 1. 

Experimental data were obtained with a National 

Instruments data acquisition system controlled by  
 

Table 1. Test conditions for forced (self-excited) flame re-

sponse measurements. 
 

Parameters Test conditions 

pressure (P) 1 atm 

inlet temperature (Tin) 200 °C 

nozzle velocity (Vmean) 60, 70, 80, 90, 100 m/s 

equivalence ratio (Φ) 0.55, 0.60, 0.65, 0.70 

forcing frequency (f) 
100 ~ 400 Hz 

(∆f = 25 Hz) 

forcing amplitude 

(V’/Vmean) 
up to 0.60 

fuel composition (XH2) 0.00, 0.15, 0.30, 0.45 

Labview software. 16,384 data points were taken at a 

sampling rate of 8192 Hz, which resulted in a fre-

quency resolution of 0.5 Hz and a time resolution of 

0.122 msec. Spectral analysis of the signals was per-

formed using the fast Fourier transform (FFT) tech-

nique. 

 

3. Linear stability analysis 

Thermoacoustic systems can be modeled efficiently 

as networks of acoustic elements, where each element 

corresponds to a certain component of the system [21]. 

Fig. 2 shows a combustion system modeled as an 

ensemble of acoustic sub-elements. The whole com-

bustor can be decomposed into acoustic sub-elements 

such as the mixing section, the swirler, the flame, and 

the combustor. However, in this model the swirler is 

not taken into account, because its influence on the 

acoustic field in the mixing section is negligible. This 

is because acoustic pressure measurements up- and 

downstream of the swirler using PT1 through PT4 

shown in Fig. 1 confirmed that amplitude and phase 

of pressure waves are not significantly affected by the 

existence of the swirler; that is, the swirler is acousti-

cally transparent.  

According to linear acoustic theory, governing 

equations for acoustic velocity and pressure in low-

speed reacting flows can be expressed in the follow-

ing equations [18]: 
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where ρ0 = ρ0(x) is the mean density; S = S(x) is the 

cross-sectional area; γ is the specific heat ratio; 
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Fig. 2. Decomposition of the combustor into three acoustic 

sub-elements. 
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is the unsteady heat release rate [W/m3]. Integrating 

Eqs. (2) and (3) from x2
- to x2

+ and taking the limit 

where x2
- and x2

+ go to x2, acoustic jump conditions 

for a thin flame can be obtained. 
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Assuming harmonic variation of any acoustic variable, 

the acoustic pressure and velocity in ducts 1 and 2 

may be expressed in the following forms: 
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Substituting Eqs. (6)-(9) into Eqs. (4) and (5), and 

assuming harmonic time dependence of the unsteady 

heat release, 
.
' i t

TQ Qe ω
∧

−= , 
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A section parameter, which represents the ratio of the 

acoustic impedances at the interface of ducts 1 and 2, 

can be defined as Eq. (12). 
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Rearranging Eqs. (10) and (11) using (12) as a matrix 

form, we can get the following equation: 
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Let’s consider the boundary conditions. From Eqs. (6) 

to (9), 
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R1 and R2 denote the reflection coefficients at the inlet 

and outlet boundaries. Eq. (13) and its BC’s (14) and 

(15) lead to a linear system which has a non-trivial 

solution only for a limited set of angular frequency. 

To close the system, however, the unsteady heat re-

lease should be provided. It can be obtained from 

analytic, experimental, and numerical simulation 

methods. Here, flame transfer function measurements 

are used by means of the classical n-τ model. The 

flame transfer function is defined as 

 

( )
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The flame transfer function is cast in the following 

form: 
 

( ) ( ) iQ Q
F n e

u u

ωτω ω
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Gain and phase are modeled separately. Gain can be 

modeled as a second order function to represent the 

overshoot behavior as can be seen later, and phase 

typically linearly increases with frequency. 
 
ϕ ωτ∆ =  (18) 

2
( )

1 2 ( ) ( )c c

K
n

i
ω

ξ ω ω ω ω
=

+ −
 (19) 

 

The constants τ, ξ, K, and ωc are determined from 

empirical fits of Eqs. (18) and (19). Substituting Eq. 

(17) into Eq. (13) and after some manipulation, we 

get the dispersion relation: 
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Eq. (20) determines the eigenfrequencies of the 

system by solving for the real and imaginary parts of 

the complex angular frequency, ω. If the imaginary 

part of ω is positive, the solution is unstable and com-

bustion instability is expected. The instability fre-

quency is obtained from the real part of ω. This linear 

stability analysis can be extended to capture nonlinear 

features of self-sustained instability using flame de-

scribing functions. 

 

4. Results and discussion 

4.1 Flame transfer function measurement 

Fig. 3 shows the amplitude dependence of the nor-

malized heat release response and the phase of the 

flame transfer function at a modulation frequency of 

100 Hz. Measurements of CH* chemiluminescence 

emission intensities are used as an indicator of heat 

release rate oscillations. For all levels of inlet velocity 

modulation, the coherence between inlet velocity and 

chemiluminescence signals at the forcing frequency 

was close to unity, enabling flame transfer functions 

to be accurately measured. It can be observed from 

Fig. 3 that the normalized heat release response line-

arly increases with the forcing amplitude, up to 

V’/Vmean ~ 0.370. The maximum driving amplitude 

point is not caused by flame blowoff, but by a limita-

tion of the modulating device. The gain is nearly con-

stant with respect to the forcing amplitude, represent-

ing the linear flame response. The flame is stretched 

or contracted without shear layer rollup. The phase of 

the flame transfer function is nearly independent of 

the forcing amplitude, implying that the center of 

heat-release (maximum heat release location) is not 

affected by forcing amplitude. However, as shown in 

Fig. 4, the response of the flame at the forcing fre-

quency of 200 Hz clearly shows the nonlinear charac-

teristic. The normalized CH* chemiluminescence 

intensity saturates at the modulation amplitude of 

V’/Vmean ~ 25%, where the flame response was linear  
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Fig. 3. (A) Normalized heat release response (CH*’/CH*mean) 

and (B) phase of flame transfer function at a modulation 

frequency of 100 Hz, plotted as a function of forcing ampli-

tude. Inlet conditions: Tin = 200 
oC, Vmean = 60 m/s, Φ = 0.60, 

and XH2 = 0.00. 

 

for the modulation at 100 Hz. Note that the phase of 

the flame transfer function is independent of perturba-

tion amplitude, irrespective of the nonlinear response 

of the flame. 

It is known that this saturation phenomenon is re-

lated to a nonlinear evolution of the flame surface 

area [4-6]. In particular, the minimum level of the 

inception of the nonlinear flame response decreases 

with increasing modulation frequency [6, 22]. Several 

factors affect nonlinear flame dynamics: unsteady 

flame liftoff [23, 24], local/global extinction [23, 25], 

equivalence ratio oscillation [26], and shear layer 

rollup [4, 5, 22]. Because an understanding of a com-

bustor’s nonlinear dynamics is critical to the predic-

tion of the limit-cycle oscillation amplitude and 

nonlinear processes of mode switching and instability 

triggering, the nonlinear response of turbulent pre-

mixed flames has been examined. 
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Fig. 4. (A) Normalized heat release response (CH*’/CH*mean) 

and (B) phase of flame transfer function at a modulation 

frequency of 200 Hz, plotted as a function of forcing ampli-

tude. Inlet conditions: Tin = 200 
oC, Vmean = 60 m/s, Φ = 0.60, 

and XH2 = 0.00.

 

      

 

 
 

 
 
Fig. 5. (A) Phase-synchronized CH* chemiluminescence 

images at a modulation frequency of 200 Hz and V’/Vmean = 

25%. (B) Line-of-sight integrated, background-corrected 

CH* chemiluminescence images at φ = 60, 150, 240, 330°. 

Inlet conditions: Tin = 200 
oC, Vmean = 60 m/s, Φ = 0.60, and 

XH2 = 0.00. 

 

Deconvoluted and line-of-sight integrated phase-

averaged CH* chemiluminescence images at a modu-

lation frequency of 200 Hz and amplitude of V’/Vmean 

= 25% are shown in Fig. 5. In the deconvoluted im-

age, only the upper half is shown, because the flame 

is symmetrical. All input conditions are the same as 

for Fig. 4. It is noteworthy that at the condition con-

sidered here, the flame front bends toward the inner 

recirculation zone at φ = 270°. The interaction be-

tween a vortex-ring structure and the flame is signifi-

cant at φ = 180° ~ 300°. In particular, line-of-sight 

integrated images at φ = 150° and 240° clearly show 

rollup of the shear layer and convection in the flow 

direction, respectively. The shear layer rollup shortens 

the flame length, which in turn decreases the flame 

area in a nonlinear manner. Hence, the gain of FTF 

decreases in the nonlinear regime, as shown in Fig. 4 

(A). 

 

4.2 n-τ formulation 

Fig. 6 presents the gain and phase of FTF at a con-

stant forcing amplitude, V’/Vmean = 0.100. The flame 

response at this level of modulation remains in the 

linear regime. With increasing the modulation fre-

quency, the gain increases and reaches its maximum 

value at f = 225 Hz. Then, the gain gradually de-

creases close to zero in the high frequency limit. The 

gain of FTF exhibits an overshoot which is also ob-

served in other studies [4, 14, 27]. The phase evolves 

quasi-linearly with modulation frequency. Also, the 

phase and the gain are empirically fitted using Eqs. 

(18) and (19), as shown in Fig. 6. From these fitting, 

the following parameter values are obtained: ξ = 

0.367, ωc = 1730, K = 1.000 and τ = 2.18 msec. These 

values are found to be strongly dependent on fuel 

composition [27]. These parameters are substituted 

into Eq. (20) to solve for complex eigenvalues of the 

system. 

 

4.3 Eigenfrequency prediction 

Mean temperatures in each section were assumed 

to be constant, and thermodynamic properties of fresh 

and burnt gases were calculated by the ideal gas law. 

The combustor temperature, T2 was assumed to be the 

adiabatic flame temperature (Tad = 1320 
oC). The 

downstream end of the combustor, R2 = 1, was as-

sumed to be a velocity node point, but the inlet 

boundary condition, R1 = 0.212*exp (-i*0.410), was 

obtained from self-induced instability measurements. 
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Fig. 6. Gain and phase difference of the flame transfer func-

tion and their corresponding empirical fits. Inlet conditions: 

Tin = 200 
oC, Vmean = 60 m/s, Φ = 0.60, XH2 = 0.00, and 

V’/Vmean = 0.100.
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Fig. 7. Eigenfrequencies calculated by thermoacoustic model 

and self-excited instability frequencies (measurement) as a 

function of the combustor length. Inlet conditions: Tin = 200 
oC, Vmean = 60 m/s, Φ = 0.60, and XH2 = 0.00. 

With these boundary conditions, experimentally 

determined flame transfer functions were incorpo-

rated into the thermoacoustic model to solve the dis-

persion relation. Eq. (20) was numerically solved 

using Nelder-Mead Simplex method. The combustor 

length, l2, was used as a bifurcation parameter. 

Fig. 7 shows eigenfrequencies calculated by the 

thermoacoustic model and measurement results 

(symbols). The three curves, f1, f2, and f3, correspond 

to the lowest three longitudinal mode eigenfrequency 

as a function of the combustor length. The longer the 

combustor length, the lower the eigenfrequencies. 

Also, shown as a horizontal line (f = 326 Hz) in the 

Fig. 7 is the calculated ¼-wave resonant frequency of 

the mixing section at the given inlet temperature, Tin 

= 200 °C, which is independent of the combustor 

length. It is interesting to note that the ¼-wave ei-

genmode does not occur at the combustor length of 

850 mm < Lc < 1040 mm, presumably because the ¼-

wave eigenmode competes with the first longitudinal 

mode, f1, and therefore, only one eigenmode is se-

lected. At this operating condition, the strongest self-

excited instability was observed at Lc = 1524 mm (f = 

219 Hz and Pc’/Pc, mean = 0.0534). Eigenfrequencies 

predicted by the analytic model agree well with ex-

perimental measurements, and the observed eigen-

mode corresponds to the first longitudinal mode. 

To determine the range of instability frequencies, 

the time-lag model was used. With a choked inlet, 

pressure leads velocity by 90° at the combustor dump 

plane. Therefore, the first unstable regime is deter-

mined by 0.75 < τ/T < 1.25. Fig. 8 presents the ratio  
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Fig. 8. The ratio of convection time to the acoustic period vs. 

forcing frequency. Inlet conditions: Tin = 200 
oC, Vmean = 60 

m/s, Φ = 0.60, and XH2 = 0.00.
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of the convection time to the acoustic period vs. forc-

ing frequency at the same operating condition, show-

ing that unstable frequency range is between 100 Hz 

and 225 Hz. The convection time delay was calcu-

lated from the phase information of FTF. 

Applying this unstable frequency range to the result 

of thermoacoustic modeling, as shown in Fig. 7, in-

stability frequency prediction by the thermoacoustic 

model and the time-lag analysis shows good agree-

ment with measured instability frequency band. 

 

4.4 Self-excited instability measurement 

To verify thermoacoustic model predictions, self-

excited flame response measurements were character-

ized in a lean-premixed, variable-length, gas turbine 

combustor facility, shown in Fig. 1. The capability to 

vary the combustor length enables to control the 

acoustic eigenfrequencies of the combustion system 

at a given operating condition. Fig. 9 shows the de-

pendence of the instability frequency upon the com-

bustor length. It should be noted that the cases where 

the intensity of instability is strongest are presented 

for each operating condition, even though the insta-

bilities occur over a certain range of combustor length. 

Two instability frequency bands are observed. Re-

gime “A” corresponds to f ~ 220 Hz at Lc ~ 1500 mm, 

and regime “B” corresponds to f ~ 350 Hz at Lc ~ 

1040 mm. No instability was observed at Lc < 965 

mm and 1143 mm < Lc < 1346 mm.  

In order to interpret the reasons why the coupling 

between the system acoustics and convection of flow 

perturbations occurs at only f ~ 220 Hz and f ~ 350 

Hz, the dependence of self-excited instability fre-

quency upon the modulation frequency, where the 

gain of FTF reaches its maximum value, is shown in 

Fig. 10. The regime “A” (the lower box) denotes the 

self-induced instability frequencies, which is consis-

tent with forcing frequencies. We observed that the 

modulation frequency in which the flame response is 

relatively strong is 150 ~ 250 Hz, regardless of oper-

ating conditions [27]. This means that the flame has a 

preferred range of frequency where its response is 

maximum. Meanwhile, regime “B” (the upper box) 

corresponds to the ¼-wave eigenfrequency of the 

mixing section, already shown in Fig. 7. Although 

standing waves are not developed in the mixing 

section, the combustion system has the eigenfre-

quency corresponding to the ¼-wave resonance 

frequency of the mixing section. Hence, at certain  
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Fig. 9. Dependence of self-excited instability frequency upon 

the combustor length. Note that the cases where the intensity 

of instability is strongest are presented for each operating 

condition. Inlet conditions: Tin = 200 
oC, Vmean = 60, 70, 80, 

90 m/s, Φ = 0.55, 0.60, 0.65, 0.70, and XH2 = 0.00, 0.15, 0.30, 

0.45.

  

FTF,Gmax
(Hz)

s
e
lf
-e
x
c
it
e
d
(H
z
)

0 100 200 300 400 500
0

100

200

300

400

500

regime B :

regime A :

self-excited
=

FTF,Gmax

f

ff

≈ 350 Hz

f

f

∆ ∆

 
 
Fig. 10. Dependence of self-excited instability frequency 

upon the modulation frequency, where the gain reaches its 

maximum value. Inlet conditions: Tin = 200 
oC, Vmean = 60, 70, 

80 m/s, Φ = 0.55, 0.60, 0.65, 0.70, and XH2 = 0.00, 0.15, 0.30, 

0.45.

  

operating conditions, the 1/4-wave eigenmode of the 

mixing section is excited by the unsteady combustion 

process, leading to self-sustained pressure oscillations. 

Similar observation has been reported by Garcia et al. 

[28]. They reported that an eigenmode of a system 

was associated with a resonance of the supply plenum. 

An analytic thermoacoustic model provides infinite 

number of eigenfrequencies at a given condition, but 

only selected eigenfrequencies are excited in meas-

urements. 
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Combustion instability occurs when periodic dis-

turbance convection process couples with acoustic 

eigenmodes of the combustor. Acoustic eigenfre-

quencies are determined by speed of sound and the 

length between the combustor dump plane and the 

exit of the combustor. However, the convection proc-

ess is governed by input parameters and the geometry 

of the nozzle. The distance between the edge of the 

centerbody and the maximum CH* chemilumines-

cence intensity location plays a critical role in com-

bustion instability, since the convection time scale is 

determined by the distance, LCH*max [27, 29-30]. Fig. 

11 plots the dependence of instability frequencies 

upon effective flame length, LCH*max. The instability 

frequency is divided into three distinct regimes. In 

regime 1, the instability frequency is approximately 

350 Hz at LCH*max < 65 mm. In regime 3, however, the 

instability frequency of f ~ 220 Hz was observed at 

LCH*max > 85 mm. This indicates that flames with 

short flame length can excite high-frequency eigen-

modes of the system. In the intermediate range, re-

gime 2, both instability frequencies were measured. 

Flames in regime 2 can couple with both eigenmodes 

of the system. This indicates that the flame length is 

an important parameter playing a critical role in de-

termining self-excited instability frequencies among 

infinite number of acoustic eigenfrequencies of a 

system. Also, the flame length was found to be one of 

relevant parameters controlling the forced response of 

swirl-stabilized, turbulent premixed flames [27]. 
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Fig. 11. Dependence of self-excited instability frequency 

upon flame length, LCH*max. Inlet conditions: Tin = 200 
oC, 

Vmean = 60, 70, 80, 90 m/s, Φ = 0.55, 0.60, 0.65, 0.70, and 

XH2 = 0.00, 0.15, 0.30, 0.45. 

To analyze the relationship between the self-

induced instability frequency and the effective flame 

length, convection time scales were utilized. The 

phase of the flame transfer function provides convec-

tion times needed for the flame to respond to up-

stream disturbance. The overall time delay consists of 

a characteristic time delay for the convective transport 

of the fuel/air mixture from the combustor inlet to the 

reaction zone, a time delay for the heating of the mix-

ture to ignition temperature, and a characteristic ki-

netic time delay for the chemical reaction [30]. The 

phase of the flame transfer function includes these 

three characteristic time scales. An example of the 

phase and the convection time with respect to equiva-

lence ratio is presented in Fig. 12. It can be observed 

that the phase difference increases almost linearly 

with modulation frequency and increases with de-

creasing equivalence ratio at a given modulation fre-

quency. This result indicates that the phase difference 

between acoustic velocity and heat release perturba-

tions is significantly dependent on flame length. Note 

that the convection time is not linearly related to fre-

quency. It levels off when frequency is greater than 

300 Hz. The convection time scales (τconv) obtained 

from the flame transfer function measurements were 

used to normalize the self-induced instability fre-

quency. Fig. 13 shows the normalized instability fre-

quency plotted against the normalized effective flame 

length, LCH*max/R, where R is the radius of the com-

bustion chamber. These results show that a functional 

relationship between the two nondimensional parame-

ters exists, and consequently suggest that if the con-

vection time scale and the effective flame length are 

given, the frequency of limit-cycle pressure oscilla-

tions can be predicted. 

In the present study, flame transfer functions sub-

jected to infinitesimally small (linear) perturbations 

were used in a linear stability analysis to predict ei-

genfrequencies, mode structures, and initial growth 

rates. In real gas turbine engines, the peak-to-peak 

magnitude of dynamic pressure oscillations increases 

exponentially with respect to time and then reaches 

the limit-cycle amplitude of self excited oscillations. 

The limit-cycle oscillations are associated with the 

nonlinear combustor processes, and these processes 

are primarily governed by the heat release nonlinear-

ity. The nonlinear flame dynamics therefore play a 

key role in inducing the limit-cycle pressure oscilla-

tions. The nonlinear characteristics of a given system 

cannot be predicted by the linear stability model.  
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(a) 
 

 
(b) 

 
Fig. 12. (A) Dependence of the phase of the flame transfer 

functions upon overall equivalence ratio. (B) The correspond-

ing convection time delay with respect to modulation fre-

quency. Inlet conditions: Tin = 200 
oC, Vmean = 60 m/s, XH2 = 

0.00, and Φ = 0.55, 0.60, 0.65. 
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Fig. 13. The normalized self-induced instability frequency 

(fself-excited*τconv), plotted against the normalized effective 

flame length (LCH*max/R). Inlet conditions: Tin = 200 
oC, Vmean 

= 60, 70, 80, 90 m/s, Φ = 0.55, 0.60, 0.65, 0.70, and XH2 = 

0.00, 0.15, 0.30, 0.45. 

However, the approaches outlined in the present ar-

ticle can be extended to predict the limit-cycle oscilla-

tion amplitude and nonlinear processes of mode 

switching and instability triggering, using nonlinear 

flame transfer functions [31]. 

 

5. Conclusions 

Flame transfer function measurements were taken 

in a lean-premixed, swirl-stabilized, gas turbine com-

bustor. The forced response of turbulent premixed 

flames was incorporated into an analytic ther-

moacoustic model to predict eigenfrequencies of the 

system. Predictions showed a good agreement with 

measurement results. Theoretical models improve our 

understanding of combustion instability in lean pre-

mixed combustors. Particularly, it was shown that the 

instability frequency of f ~ 220 Hz observed in self-

excited flame response measurements corresponds to 

the modulation frequency, where gain of FTF is high-

est. The other instability frequency of f ~ 350 Hz cor-

responds to the ¼-wave eigenmode frequency of the 

mixing section. Although the flame response is rela-

tively weak at this frequency, the resonance in the 

mixing section strengthens the self-excited instability. 

The detailed measurements discussed in this paper are 

critical to the formulation and identification of ei-

genmodes of the combustion system, and to improv-

ing our understanding of the response of swirled 

flame to acoustic velocity perturbations. 
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Nomenclature----------------------------------------------------------- 

A : Complex amplitude of pressure waves 

c : Speed of sound 

f : Forcing frequency 

FTF, F : Flame transfer function 

FWHM : Full width at half maximum 

i : 1−  

k : Wave number 

K : Constant 

l, L : Length of ducts 

n : Gain of flame transfer function 

P : Pressure 

PMT : Photomultiplier tube 
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PT : Pressure transducer 

Q, q  : Heat release 

r : Coordinate in radial direction 

R : Reflection coefficient, radius 

S : Cross-sectional area 

TMM  : Two-microphone method 

V, u  : Velocity 

V : Volume 

t : Time 

T : Period, temperature 

x : Coordinate in axial direction  

X : Mole fraction 

 

Greek symbols 

τ : Time delay 

Φ : Equivalence ratio 

φ : Phase difference 

ρ : Density 

γ : Specific heat ratio 

ω : Angular frequency 

Γ1 : Section parameter 

Γ2 : Constant 

ξ : Damping coefficient 

∆ : Difference 

λ : Wavelength 

 

Overscripts 

^ : Fluctuation amplitude 

‾ : Mean quantity 

· : Time rate of change 

 

Superscripts 

+, - : Down- and upward propagating 

` : Perturbation quantity 

 

Subscripts 

1, 2 : Duct indices 

0 : Ambient quantity 

c : Combustor section 

conv  : Convection 

in : Inlet 

max  : Maximum 

mean  : Mean value 

T : Total 
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