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Abstract

In this paper, a Newton-Euler approach is utilized to generate the improved dynamic equations of the generally configured Stewart
platform. Using the kinematic model of the universal joint, the rotational degree of freedom of the pods around the axial direction is taken
into account in the formulation. The justifiable direction of the reaction moment on each pod is specified and considered in deriving the
dynamic equations. Considering the theorem of parallel axes, the inertia tensors for different elements of the manipulator are obtained in
this study. From a theoretical point, the improved formulation is more accurate in comparison with previous ones, and the necessity of
the improvement is clear evident from significant differences in the simulation results for the improved model and the model without
improvement. In addition to more feasibility of the structure and higher accuracy, the model is highly compatible with computer arithme-
tic and suitable for online applications for loop control problems in hardware.
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1. Introduction

Closed-loop structures and kinematic constraints make it
especially difficult to solve the kinematic and dynamics of a
parallel manipulator such as Stewart platform [1]. As the ma-
nipulator real-time control is necessary, computation of the
manipulator dynamics should be highly accurate.

In the literature of the kinematics and dynamics of the paral-
lel manipulation, several approaches have been used accord-
ing to the classical mechanics principles such as: the principle
of virtual work [2-5], Kane’s method [6, 7] momentum ap-
proach [8, 9], Hamilton’s principle [10], screw theory [11] and
recursive matrix method [12]. Furthermore, the Euler-
Lagrange and the Newton-Euler methods are the most popular
approaches which are applied to the dynamic analysis of Ste-
wart platform [9]. The Euler-Lagrange method imposes the
kinematic constraints by Lagrange multipliers and leads to a
system of differential equation which is too complicated to
solve. The Lagrangian approach has been developed by Geng
et al. [13] to solve the inverse dynamics of the Stewart plat-
form. Lebret et al. [14] also utilized same method to derive the
motion equation of Stewart platform. Ting et al. [15] used the
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Euler-Lagrange method to derive a complete dynamic model
of Gough-Stewart platform-type computer numerical control
(CNC) machine. The rotation terms of the pods are considered
in their study and it is shown that these terms cannot be ne-
glected in the machine tool applications. Wang et al. [16] em-
ployed the Lagrange formulation to solve the dynamics of the
hydraulic Stewart platform, considering the effect of pod iner-
tia. Guo and Li [17] combined the Lagrange formulation with
the Newton-Euler method for deriving the compact closed-
form dynamic equations of the Stewart platform manipulator.
In Newton-Euler method, Newton’s law and Euler’s equation
are applied to rigid bodies. This method is efficient enough for
the inverse dynamics solution, which is very important for
system control while the direct model is used for system simu-
lation; moreover, the closed-form dynamic equations can also
be obtained via Newton-Euler method for the chain mecha-
nisms. This method was utilized by Do and Yang [18] for the
inverse dynamic analysis of Stewart platform, but the friction
was left out of account and the pods were assumed as sym-
metrical and thin in the analysis. Dasgupta and Mruthyunjaya
[19] followed a similar analysis for the inverse dynamics of
Stewart platform, with the frictional forces occurring in the
joints; meanwhile the mass of inertia of the pods were taken
into consideration in their study. In another research the
closed-form dynamic equations of the generally configured
Stewart platform was developed by Dasgupta and Mruthyun-
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jaya [20] through the Newton-Euler approach. In the last two
references mentioned, the rotational degree of freedom of the
pods around the axial direction is neglected to simplify the
formulation. Furthermore, the moment of the universal joint is
assumed in the direction of its pod and the theorem of parallel
axes is not considered in obtaining inertia tensors of the dif-
ferent parts of the manipulator. Harib and Srinivasan [21]
conducted the Newton-Euler method, and considered the ef-
fects of the different configuration of the joints on the angular
velocities and accelerations of the pods. The kinematic model
of the universal joint is considered in the kinematic analysis of
their study, but similar simplifying approximations are used
for deriving the inverse dynamic equations of the manipulator.
Fu and Yao [22] compared the techniques used by Dasgupta
and Mruthyunjaya in [19] with the Lagrange method, and
made some suggestions as comments on them. Vakil et al.
[23] also proposed some corrections as comments on two
researches of Dasgupta and Mruthyunjaya [19, 20]. Mah-
moodi et al. [24] used Newton-Euler method for the inverse
dynamics of Stewart Platform, and utilized body coordinate
frames for both platform and pods instead of inertial ones;
they also considered the gyroscopic effects of the rotary parts
within the pods for the sake of the faster rate of convergence.
Pedrammehr et al. [25] improved the inverse dynamics of the
general Stewart platform and presented the intact relations for
the kinematics and dynamics of the mechanism.

This article presents an improved solution to the inverse ki-
nematic and dynamic analyses of Stewart platform using
Newton-Euler formulation with increasing the accuracy of
modelling. The formulation incorporates all the gravity, inertia,
coriolis, centripetal and external forces, and the intact angular
velocity and acceleration for the pods; furthermore, viscose
friction at the joints is also considered. Due to the accurate
solution of the kinematic and dynamic problem of the manipu-
lator, the kinematic model of the universal joint is introduced
and the rotational degree of freedom of the pods around the
axial direction is considered in deriving the kinematic and
dynamic equations of the manipulator. This, however, adds to
the complexity of the problem. The intact relations for the
inertia tensors of different parts of the manipulator and the
justifiable direction of the reaction moment on the pods are
taken into account in order to derive the improved formulation.
The newly-derived dynamic equations are completely differ-
ent in comparison with the previously-introduced ones. In this
study, in order to compare the results of the improved formu-
lation with the simplified ones, the formulation has been im-
plemented in a program written in MATLAB for kinematics
and dynamics of the manipulator. The results of simulation are
illustrated for the two improved and simplified models and
their differences.

2. Stewart platform description

The mechanism under investigation consists of a moving
platform, a stationary platform and six extensible pods (Fig. 1).

Fig. 1. Stewart platform and the vectorial representation of the i* pod.

Each pod connects to the platform at its connection point
a, through a spherical joint, and to the base at its connection
point b, through universal joint (=1 to 6 for six pods). Each
pod consists of two parts: the upper part and the lower part,
which connect to each other through prismatic joint. Therefore,
it is referred to as the 6-UPS Stewart platform. This familiar
manipulator is actuated by motors located on the prismatic
joints. The location and orientation of the moving platform
frame {P}, is specified according to the base frame {W};
these frames are shown in Fig. 1.

3. Inverse kinematics

Inverse Kinematic problem of the platform involves deter-
mination of the linear position, velocity and acceleration of six
pods through considering a specified position, velocity and
acceleration of the moving platform centre.

The length vector of the i” pod can be obtained as:

L;=a,-b, Q)
where a, and b, are the position vectors of the i platform

and base connection points with the reference in base frame,
respectively. a, Can be obtained as:

a, = X+ q; (2)
and
q,=R"a, ?3)

in which X is the position vector of the geometrical centre
of the moving platform. *a, and q, are the position vectors
of the i platform connection point in the moving frame and
base frame, respectively. R is the rotation 3x3 matrix, repre-
senting the rotation of frame {P} related to frame {W}.
Details for R are given in the Appendix 1.

Once L, is determined, the length of the i” pod can be ex-
pressed as:



S. Pedrammehr et al. / Journal of Mechanical Science and Technology 26 (3) (2012) 711~721 713

L.

i

I =|

i

“4)

The unit vector along the direction of the i pod can be ob-
tained from:

n, =L,/ . Q)

According to Eq. (5), the length vector of the i” pod can be
expressed as:

L =in,. (6)

i i

By substituting Eq. (2) into Eq. (1), and equaling the result-
ing equation with Eq. (6) we can write:

In;=X+q,-b,. (7

Taking the derivative with respect to time on both sides of
Eq. (7), and then by taking the dot product of the two sides of
resulting equation with n, , The linear velocity of the i pod

[, can be obtained as:
[[=X-n,+®-(q,xn,) (8)

where X and o are respectively the linear and angular
velocity of the moving platform centre in the base frame.

The extensional acceleration of the i pod I can be ob-
tained by taking the derivative with respect to time on both
sides of Eq. (8), which yields:

Z;':X’ni+u'(qixni)+x'(wlixni) (9)

+o-[(@xq,)xn, +q, x (o, xn,)]

where X and a are respectively the linear and angular
acceleration of the moving platform centre in the base frame
and , isthe angular velocity of the i" pod.

4. Kinematics of the platform connection points

For a given motion of the moving platform, the motions of
the six connection points of the pods to the platform can be
simply determined.

The velocity of the i” platform connection point L, can be
obtained by taking the derivative with respect to time on both
sides of Eq. (6), which yields:

Ll. =, xIn, +iini . (10)

The acceleration of the i platform connection point is also
the time derivative of L, , and can be expressed as:

L, =a,xIn +o,x(®,xIn)+20,xin +n, 1y

where a, is the angular acceleration of the " pod.

Fig. 2. Kinematic model of the universal joint.

5. Angular velocities and accelerations of the pods

Our knowledge of [ and I shows that we still cannot
solve Eq. (10) for @, and Eq. (11) for a,, since 3x3 sys-
tems of the linear equations that result from the expanding Eqgs.
(10) and (11) are not full rank.

In the dynamic equations of previously-introduced models,
the relations ®,-n, =0 and a,-n,=0 are utilized to facili-
tate the complexity of the formulation. These are simplifying
approximations and may be true when there is no rotation
around the axial direction. On the other hand, the rotation
terms of the pods become even more significant in systems
with electrical motion generators [24]; these terms are in-
cluded for the inertia effects cannot be negligible in the ma-
chine tool applications also [15]. Therefore, an exact solution
can be obtained by considering the rotational degree of free-
dom of the pods around the axial direction. in order to deter-
mine o, and a,, we need to use the kinematic model of the
universal joint which is described in Fig. 2.

The unit vectors u,, v, and ¢; indicate the kinematic
model of the universal joint, and the unit vectors n,, v, and
¢, indicate the fixed pod frame. The unit vector u, along
the fixed axis of the universal joint can be obtained from the
geometry of the mechanism. The unit vector v, along the
other revolute joint axis of the universal joint rotates in a plane
normal to w, , and it is also normal to n, . The unit vector ¢,
is normal to the two axes of rotation of the universal joint and
the unit vector ¢, isnormalto n, and v,.

As shown in Fig. 2, ®, can be resolved into two compo-
nents along the two axes uw, and v, of the universal joint,
and can be defined as:

O, =0, +0,V, (12)

where o, and o, are respectively the magnitudes of the
components of ®, along the revolute joint axes u, and v,,
and can be obtained by substituting Eq. (12) into Eq. (10), and
taking the dot product of the two sides of the resulting equa-
tion with v, to solve for «, and with u, to solve for w,,
which yields:

o, =—(L, —l.[n[)~vl./l‘.n,-c[ 13)
o, = (L‘. —iin.)-ui/lini -c; . (14)

i
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On the other hand, @, can be assumed as the combination
of two components: a component along the direction of pod
and the other along the direction perpendicular to the pod di-
rection; therefore, it can be written as:

0, =0, +o,n, (15)

in which @, is the component of ®, along the direction

perpendicular to the direction of the pod, and , is the mag-

nitude of the component of ®, along the direction of the pod.

®,, can be obtained by substituting Eq. (15) into Eq. (10),
and taking the cross product of the two sides of the resulting

equation with n, , which yields:
o, = XLi)/li . (16)

According to Eq. (12), o, is the combination of compo-
nents along the axes w, and v,; thus, @, is in the cross
plane and ¢, indicates the normal vector to the plane result-
ing from vectors w, and v, (ie. ®,-c¢,=0); Therefore,
w, can be obtained by taking the dot product of the two sides
of Eq. (15) with ¢, , which yields:

®; ==, ¢/n ¢ (17)

a, can be obtained by taking the derivative with respect to
time on both sides of Eq. (12), which yields:

o, =a,u; +o,V, + 0,0, (18)
in which a, and a, are the time derivatives of the w,
and w, , respectively; and can be obtained by substituting Eq.

(18) into Eq. (11), and taking the dot product of the two sides
of the resulting equation with v, to solve for a, and with

u, tosolve for a,, which yields:
Gy = _L: : Vi/lini "¢ (19)
a,=L;u/ln ¢ (20)

where

L: = L, - 0,0, X lini -, X ((Dli x lin[) - zj[mli xm; = Z;n[ .
@1

On the other hand, @, can be considered as the combina-
tion of two components: one along the direction of the pod
and the other along the direction perpendicular to the axial
direction; therefore, it can be written as:

o, =a, +on, (22)

where a,, is the component of a, along the direction per-
pendicular to the pod direction, and ¢, is the magnitude of
the component of a, along the direction of the pod.

a,, can be obtained by substituting Eq. (22) into Eq. (11),
and taking the cross product of the two sides of the resulting

equation with n, , which yields:

o, ={n xL,—n,x[o,x(@,xln)+20,xin,}/L . (23)

Equaling Egs. (18) and (22), and taking the dot product on
the two sides of the resulting equation with u, gives:

o, =(0, +on)-u, . 24)

ni U}

a, can be obtained by using the above procedure but re-

placing u, with n,, and then substituting Eq. (24) into the
resulting equation, which gives:

o, =[(a, -u,)u,n,)/1-(,-n)|-o,0o, . (25)

6. Acceleration of the mass centres of the different
parts of each pod

Before proceeding to the dynamics of the mechanism, we
first need to determine expressions for the acceleration of the
mass centres of different parts of each pod. These expressions,
along with expressions for the angular velocity and accelera-
tion of pods, as well as, expressions of linear velocity and
acceleration of pods are all needed for the subsequent devel-
opment of the rigid body dynamic equations in this paper.

Each pod contains two parts: an upper part, which is at-
tached to the spherical joint and includes all the components
that translate axially in addition to the rotational motion of the
pod, and a lower part which is attached to the universal joint
and includes all the remaining components that only rotate.

Mass centre position vectors of the lower and upper parts of
the i pod with reference to the fixed pod frame, L, and

L, , are expressed as:
L, =T L, (26)
L,=L+TL, @7

where L,, and L, are respectively mass centre position
vectors of the lower and upper parts of the i pod in local
frame of reference; and T, is the transformation matrix from
the moving lower and upper local frames to fixed pod frame
and defined as:

T, =[n, v, ¢]. (28)

The accelerations of the mass centres of the lower and up-
per parts of the /” pod, L, and L, are respectively the
second time derivatives of L, and L,, and can be ex-
pressed as follows:

ui >

L, =0, xL,+0,x(0,xL,) 29

ﬂm. =a,xL,+0,x(®,xL,)+20, x iini + Z;ni . 30)
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Fig. 3. Free body diagram of one pod.

7. Dynamics of pods

Fig. 3 shows the free body diagram of a single pod (repre-
sented as i one).

Considering a single pod consisting of two upper and lower
parts, the equilibrium equation of moments about the centre
point of the lower joint can be written as follows:

M, +In,xF, +(mL, +m,L,)xG—-m]L

uui u Ui

x I.;ui —-m,L, x I.;dx
+1)o,-C(o,-0)-Co,=0

G

_(Iui + Idi )ali -0, X a

ui

where m, and m, are masses of the lower and upper parts
of each pod, respectively; C, and C, are respectively the
viscous friction coefficients in universal and spherical joints
and G is the vector of gravity acceleration. F, and M,
are the reaction force and moment of the i” pod in the base
frame, respectively. I, and I, are respectively the inertia
tensors of the lower and upper parts of the i pod.

The inertia tensor is a function of the location and orienta-
tion of the frame in which it is defined [26]. In the previously
introduced models, the theorem of parallel axes has not been
considered in the derivation of the inertia tensors of the differ-
ent parts of the mechanism. Considering parallel axes theorem
and using the vectors L,=[l, I, [.]° and
L,=[l, [, [.]", the inertia tensors of the upper and

uy
lower parts of the pod, I, and I, can be expressed as:

ui 3

—I;y + l;z _ldxldy _ldxldz
Ly =Ty, +my| =11, Lo +13 Lyl )T (32)
_ldxldz _Zdyldz ij + Zf{v
2wz -11, I,
L =T, +m,| =11, Lo+l 11, DT (33)
B P

in which I,, and I, are respectively the lower and upper

parts of the i pod’s inertia tensors at the coordinate frames
attached to the centre of gravity of each part of the pod.

In the simplified models, the universal joint moment is as-
sumed to be in the direction of its pod. Considering Fig. 2,
there are no restriction moments at the u, and v, directions
due to the revolute joints in these directions. Since the univer-
sal joint cannot impose any constraint moments in the n,, u
and v, directions, M,
written as:

i

is in the ¢, direction and can be

M, = mg, (34)

where m, is the magnitude of the M, .
Using Eq. (34), Eq. (31) can be rewritten compactly as:

me, +In,xF, =N, (35

where

N, = —(m,L, +mL,)xG +m,L

uui

xL, +mL,xL,

ui

(36)

+(I, +1)e, + o, xA, +1,)0, +C (o, -0)+Co, .
By taking the dot product of both sides of Eq. (35) with n,,
the magnitude of the reaction moment, can be determined as:

m,=N,-n,/c,n, . (37

F, can be determined by taking the cross product of the
two sides of Eq. (35) with n, , which yields:

F =, -F)n, +[N,xn,—m,(c,xn,)]/I, . (38)

In order to obtain the magnitude of the actuating force F,,,,
Newton’s equation in the pod direction for the upper part of
the i pod is separately considered as:

F, =-@ F)+mn (L, -G)+C, (39)

in which C, is the viscose friction coefficient at the pris-
matic joint; therefore, the term C,/; denotes frictional force
occurring in the prismatic joint.

Eq. (37) and the expression for unknown (n,-F,) obtained
from Eq. (39) can be substituted into Eq. (36), which gives:

F =-F,_mn,+m|n, (L, -Gl n, + Cpiini

! et “ (40)

+ [N, xn, = (N, -n,) (¢, xn,)/c, -n,1/1, .

Substituting Eq. (36) into Eq. (40), and substituting Eq.
(30) into the resulting equation, and then using Egs. (23), (22)
and (9), which entail a number of algebraic vector operations,
the compact expression for F, can be obtained as:

F=-F,n+QX+axq)+V, S
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where

Q,=m, (m,n’)+[m,n,(L,)4%,/* |+ [m,i,@L,)n, /"]

0, + 1,0,/ 1+ (¢, xn,/c,-n,){ [m 0] (L,)'n, /1]

Hmn! (L), /I 1-n] @, +1,){nu'nu'n,/I’[1-(u, n,)]}}
(42)

and

Vi=mn; [0, x(®, xL,)]} n;, +m, {[@x(@xq,)]-n,
-[o,; x(o; xIn;)]n,n, —m,(n;-G)n, +C, ji n; +
H(m,L,; +m,L;)xGlxn; +m, (m, xS, /l,)+m,{L,
x[e; x(o; xL,;))]} xm; +2 ji m, [L,; (o, xn;)]xn; +
my ;xS /1) + my{L, x[ @ x(@; xL,)]}xn, —{n,
x[(L, +1;)8, 1)1} +[ o, x(1, + 1) 0,]1xn, + C, 0,
xn, + C, (o0, —@)xn, }/l, = {-{(m, L, +m, L;)xG]-n,
—m, ;-8 /) =m ;S /1)) +n,; - (L, +1,){{(, S,)
(om0, /100 T~ 00, + o x (1, +1,)
o,;]'n; +C (0, —0)'n, +C, @, -n,}[e; xn,; [I,(c; n,)] -
(43)

The definitions of S;, S, and S, are given in the Ap-
pendix 1.

In order to derive Egs. (42) and (43), the following rules
have been used in vector algebraic operations:

axb=2ab and (a-b)c=(ca’)b (44)

where a is the skew symmetric matrix associated with the
vector a. The rules mentioned above refer to vectors which
make reliable means as to translate vector algebraic operations
into matrix multiplications.

In order to determine F, ,;, we need to use the equations
of motion for the platform which are derived in the next sec-

tion.

8. Dynamics of the moving platform

The free body diagram of the platform is illustrated in Fig. 4.

The vectors F,, and M, are the external force and mo-
ment acting on the moving platform and described in the local
frame of reference. These vectors can be expressed in the base
frame of reference by the rotation transformation.

Considering Fig. 4, the force equilibrium equation can be

obtained as:

.o 6
m,X,-mG-RF,, +> F =0 (45)

i=1

where m, is the mass of the platform and the payload. X <
is the linear acceleration of the mass centre of both the moving
platform and the payload and can be obtained in terms of plat-

Fig. 4. Free body diagram of the moving platform.

form motion variables as:
X, =X+oxr+ox(®xr) (46)

in which r is the mass centre position vector of the moving
platform (including payload) in the base frame and can be
expressed as:

r=Rr, 47)

where r, denotes the mass centre position vector of the
moving platform and the payload in the local frame of refer-
ence.

Substituting Eqs. (41) and (46) into Eq. (45) and using the
rules (44), gives:

6 6
(1 + Y Q)X~(m,F+ Y Q@ Jo+m, [0x(@x1)~G]
i=1 i=l

. . (48)
+Y V,=RE,+> F.n,
i=l i=1

where I, denotes the 3x3 identity matrix.

The moment equilibrium equation about the geometrical
centre of the platform can be written as:

mprxXg -myrxG-RM_, +I,0+0ox] o

ext
6 6

=Y C (@, -0)+ ) (a,xF) =0
i=1 i=1

where I, is the inertia tensor of the platform and the payload
in the base frame. Once the vector r=[r, r, 1, 1" is de-
termined, considering the theorem of parallel axes, the inertia

tensor of the platform and the payload can be expressed as:

(49)

2 2
;o o-onr, I
I =RC"I,+m,| —rr, r+r> -rr. JR" (50)
r P 12 Xy x z vz
2 2
—nro Thl

in which "I , 18 the inertia tensor of the moving platform in
the local frame.
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By substituting Egs. (41) and (46) into Eq. (49) and using
the rules (44), Eq. (49) can be rewritten as follows:

(m,F + 24,Q)X + [, —m, (7)' = 3 4.Q,]o

6
+m/,r><[o)><(m><r)—G]+Z(ql><V)+(o><Iﬂ(o

i=1

6 6
> .C(w,-0)=RM_ + Y (q,xF,n,).
i=1 i=1

(D

9. Simulation study

In order to demonstrate the necessity of the improvement of
the formulation, a simulation study is performed for a typical
Stewart platform with physical specifications presented in
Appendix 2. For this purpose, the formulation has been im-
plemented in a program written in MATLAB for kinematics
and dynamics of Stewart platform. Initial conditions taken for
the simulations are given in Appendix 2.

If the rotational degree of freedom of the pods around axial
direction is negligible, the complexity of the problem will be
reduced. This, from a theoretical point, will lead to a low pre-
cision of the formulation. Therefore, knowledge on the contri-
bution of the tangential components of the angular velocities
and accelerations of the pods has applications for improve-
ment of the accuracy of the formulation.

To examine the effect of the simplifications employed in the
previous models (i.e. ®;-n, =0 and a,-n, =0) on angu-
lar velocities and accelerations, an X directional actuation is
assumed for platform motion. To do so, a simple straight line
path with a constant velocity profile is considered and the
orientation of the platform is conserved during the simulation
(Path 1, Appendix 2).

The angular velocities and accelerations of the six pods ob-
tained by the current model, which includes the kinematic
model of the universal joint and the rotational degree of free-
dom of the pods, are simulated and illustrated in Figs. 5 and 6,
respectively. In order to compare these results with those of
the simplified model, the simplified angular velocities and
accelerations, perpendicular to the direction of the pod, and
the difference between two given models are also illustrated in
Figs. 5 and 6, respectively.

The results of both simplified and improved models indicate
that the angular velocity in pods 1, 2 and 6 of Fig. 5 and the
angular acceleration in pod 3 of Fig. 6 show great extent of
consistency . Therefore, in this path, the angular velocities and
accelerations of the pods are perpendicular to the direction of
the pod and the differences in other pods present the contribu-
tion of the tangential components in the angular velocities and
accelerations of those pods.

For the sake of comparing, it would be effective to make
use of the same geometric and inertial properties for the test
manipulator, as well as, the same parameters of the path as
those used in Ref. [19]. Therefore, straight line path has been
planned in the Cartesian space and a trapezoidal velocity pro-
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file with constant acceleration at the beginning and constant
deceleration at the end of the path is used for computer simu-
lation. Moreover, similar expressions for the orientation of the
platform are obtained (Path 2, Appendix 2).

The angular velocities and accelerations of the six pods ob-
tained by kinematic analysis of the improved model are simu-
lated and illustrated in Figs. 7 and 8, respectively; moreover,
the simplified angular velocities and accelerations, which are
perpendicular to the direction of the pod, and the difference
between two mentioned models are compared in Figs. 7 and 8,
respectively.

The comparative simulation has been done for the improved
model and the reference model [19] for the dynamics of the
manipulator in two different paths (i.e. Path 2 and Path 3 in
Appendix 2). The results of the simulation for path 1 and path
2 are respectively illustrated in Figs. 9 and 10 as the plots of
actuator forces required in the six pods to track the trajectory.
The differences between the results of the models are also
depicted.

The results shown in Figs. 9 and 10 indicate that both im-
proved and simplified models exhibit similar trends of change,
but difference in amplitudes. This, therefore, can be attributed
to improvement effect. These improvements can be listed as
follows:
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Taking to account the rotational degree of freedom of the
pods around axial directions.

Considering the intact relations for angular velocities and
acceleration of the pods through using kinematic model of the
universal joint.

Considering the theorem of parallel axes and taking into ac-
count the intact relations for the inertia tensors of different
parts of the pods as well as the intact relation for the inertia
tensor of the moving platform.

Using the justifiable direction of the reaction moment on
each pod and assuming that the universal joint cannot impose
any constraint moments on the revolute joint axes and in the
direction of pod.

Figs. 5-8 indicate that angular velocity or acceleration of a
pod, given by both improved and simplified models will be
identical if there is no rotation around the axial direction. But
with the pod forces, the differences between simulation results,
given by the improved model and the reference model [20],
are quite obvious in Figs. 9 and 10. These significant differ-
ences indicate that improvements upon the system would be
necessary shown in the current study for the formulation of the
dynamic problem.

Convergence rate of the program is crucial in feedback lin-
earization control [25]. The functions tic and toc are used in
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Fig. 9. Path 2; Pod forces obtained by improved formulation (present
study), simplified formulation and their difference.
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study), simplified formulation and their difference.

the code written in MATLAB to calculate elapsed CPU time
for the improved algorithm. By using the specified processor
(Intel®, Core ™ 2Duo, 2.5 GHz, 4 GB RAM), the elapsed time
for simulation of the mentioned paths through the improved
model is 1.58 seconds.

10. Conclusions

In this paper a Newton-Euler method have been presented
to solve the improved dynamic equations of the generally
configured Stewart platform. The rotational degree of freedom
of pods around related axial directions is considered in deriv-
ing the accurate relations of the angular velocities and accel-
erations of the pods. For this purpose, the kinematic model for
the universal joint is introduced in the kinematic analysis of
the manipulator. Considering the theorem of parallel axes, the
intact relations for the inertia tensors of different parts of the
manipulator are presented in this study. Moreover, in the dy-
namic relations of pods the justifiable direction of the reaction
moment on each pod is introduced. It is easily concluded that
the assumptions made on the previous researches have simpli-
fied and facilitate the formulation in comparison to what is
presented here in this paper. The simulation outputs prove the
new method significantly improved the dynamic equations
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comparing to previous methods. The differences between the
results of the improved formulation and those suggested in
previously-introduced model are easily detected in the illustra-
tions and provide the necessity of the improvements.

Appendix 1

The rotation matrix is obtained as:

€0,CY, -S9,C0,+C0,50,50, S0.80,+CH,80,C0),
R=|80.C0, (C0.CH,+S0.59,80, ~Cb.S0,+80.50,C0,
58, 0,56, 0,C0,
where

CO,. =cos(f,) and SO, =sin(0,)

inwhich 6., 6, and 6, are the Euler angles.
Theterms S;, S, and S, are defined as follows:

S, ={n, x[ox(0xq;)-o,x(0,x/n)-20, xiini]}
Sai :[Ldi x(Ly; xS, )]
Sui :[Lui X(Lui Xsr)] :

Appendix 2

The kinematic and dynamic specifications of the test ma-
nipulator are assumed as follows (all the quantities are given
in SI units):

Connection points on the moving platform with reference to
frame {P}:

03 03 00 -02 -0.15 0.15
"a,={0.0 02 03 0.1 -020 -0.15/.
0.1 00 0.0 -0.1 -0.05 -0.05

Connection points on the base platform with reference to
frame {W}:

06 01 -03 -03 02 05
b,=/02 05 03 -04 -03 -02].
00 01 01 0.0 -0.05 0.0

Mass of the platform (including payload) and upper and
lower parts of the pods:

m, =40.0
m,; =3.0
m,=1.0.

Coefficients of the joints viscous friction:

C, =0.0001
C,=0.001
C. =0.0002 .

Mass centres of the lower and upper parts of each pod in lo-
cal frames:

L, =[04 014 —o0.18]
L, =[-0.6 -0.08 -0.08] .

Inertia tensors of the lower and upper parts of each pod in
their local frames:

0.01 0.005 0.007
I, =|0.005 0.002 0.003
0.007 0.003 0.001
0.005 0.002 0.002
I, =|0002 0.002 0.001].
0.002 0.001 0.003

Mass centre of the moving platform and the payload in plat-
form frame:

r,=[0.04 0.03 -0.06] .

Inertia tensor of the moving platform and the payload in the
platform frame:

0.05 0.003 0.004
l’Ip: 0.003 0.04 0.003 |.
0.004 0.003 0.10

Initial conditions of the paths assumed for simulations are
as follows:

Path 1 (X directional actuation):

The position vectors of the moving platform centre at the
beginning and end of the simulation, X, and X, are as-
sumed as follows:

X, =[0.1 0.0 03]
X,=[0.6 0.0 05].

The moving platform is disoriented and the orientation is
kept unchanged during the simulation.

Total duration of simulation ¢, and the magnitudes of maxi-
mum linear velocity of the moving platform centre, X is
taken as follows:

t=6.0
X =0.08.
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Path 2:

The position vectors of the moving platform centre at the
beginning and end of the simulation, X, and X,, and the
orientations of the moving platform at the beginning and end
of the simulation, @, and 0,, are assumed as follows:

X, =[0.1 00 04]
X,=[03 00 06]
0,=[0.0 00 -02]
0,=[00 00 02].

Total duration of simulation ¢, and the magnitudes of maxi-
mum linear and angular velocities of the moving platform
centre, X and ), are taken as follows:

t=6.0
X =0.08
©=0.08.

Path 3:

Path 3 is as same as path 2, but with a higher speed and
lower duration of the simulation. Therefore, the parameters
X,, X,, 0, and O, are kept unchanged, and the other
parameters are assumed as follows:

t=0.6

X=0.8

0=0.8.

have been as-

The external force F,, and moment M

sumed as zero for the simulations.
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